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Abstract

In this paper we investigate a family of integral operators defined on the space of analytic
functions. By making use of these novel integral operators we give some applications of the
new families of analytic functions on the same space associated with quasi-Hadamard product
in the unit disk U.
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1 Introduction and Preliminaries

Let H be the class of functions analytic in U = {z : |z| < 1} and HJa,n] be the subclass of H
consisting of functions of the form f(2) = a+an2"+an+12" ™ +ap102" 2+ - Let A, C Hla, n]

denote the class of all functions of the form f(2) =27 + 772 .| apz¥, pe N=1{1,2,---}.

Let A denote the class of functions of the form f(z) = z4agz?+azz3+- - or f(2) = 2+ o0 5 an2"
which are analytic in the open unit disk U = {z : |2] < 1} normalized by f(0) = f’(0) — 1 =0.

For functions f(z) = z 4+ Y oo yan2" and g(z) = z + > >, byz" the Hadamard product (or
convolution) f * g is defined by (f % g)(2) = 2z + > pe g anbyz™.

For a function f € A,, we define a linear differential operator as follow:

i) = )
(o B0f(2) = (LR 1) +

Y3, o, 8. 1) f(2) = D(TA(pa, B, 1)f(2));

pu+p/\)Zf’(Z),

(a+8)" »p

04—|— (u+XN)(k—p) +p5
a+ 3

T;L(p,a,ﬁ,,u)f(z) = zp_|_ Z )”akzk. (1)

k=p+1




Application of a New Family of Functions on the Space of Analytic Functions 145

(o, By, A > 0,0+ B #0,n € N, = {0,1,---}). The operator Y} (p, e, 3, 1) is the generalized

form of the following operators introduced by well know authors such as:

Lop=1,T3(a, B, p)f = 2 + Y30, (LHEEE) g, 2K (see [8],[9],[10]);

2. p=18=07T3(1,0,0,u)f = T{a, p) f = z + 35, (2HEENED) yn g, o (se0[7]);

3. a=p, p=070T3p,C0)f =P f =2 + 2, (PP g, 2k (seel4]);
4oa=p, p=0,A=10%p,0) = 22 + 320, (Bt a2k (see[13],[18]);

5.0 =B=1,1=07T41,0,1,0)f = D"f = z+ Y3, (“FAE yng, 2k (seef2));

6. p=a=1B=0T}f=D"f =2+ 33751+ Ak —1))"arz"(seell]);
T.p=a=A=1,8=pu=07TH1,1,0,0)f = D"f = 2 + 372, (k) axz* (see[16]);
S.p=a=F=A=11=07TH1110)f(2) = D"f = 2 + 32, (451 ) ay* (see[19]);
9. p=F=XA=1p=0THa)f =2+ 3L (59) a2 (see[5],[6]).

Similarly for f € A, on the space of multivalent analytic functions we define an integral operator

as follows:

Cole, B, N f(2) = f(2);

Clla, B, N f(2) = L—i_ﬁzp_(%) Zt(%)_p_lf t)dt;

P A 0

Cilan B NF(2) = Sl G G0k, 5 M )
B?(a,ﬁ,ﬂ, Nf(z) = 2P+ Z atp )Mapz®, m e Ny.

a+(p+AN)(k—p)+p
The operator B;”(a, B, i, A) is also generalized form of the following operators:

1 C9(1,1,0,1) f(2) = I*f(2) = 2+ Y32, (557) “arz" (see[12));
2. C(p,1,0,1)f(2) = L' f(2) = 29 + Zzipﬂ(%)makzk(see[l?]);
3. B (1,0,0, ) f(2) = I, ™ f(2) = 2+ Y open(L+ A)(k — 1)) "™ay2" (see[14]);

4. C¢(1,1,0,1)f(2) = IVf(2) = z + ZZC’:Q(%H)aakzk(see[ll]);
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5. U;”(p, L0,1)f(z) = L' f(2) = 2P + Z,;";p+1(%)makzk(see[15]);
6. C7(1,0,0,1) f(2) = I"™f(2) = z + > 7o (k) ™arz*(see|16]);

7. B p 0N (2) = TP F(2) = 27+ S5 (b a2 (scef3)),

By specializing the parameters of Bg‘(oz, B, 1, A), we introduce certain new differential operators

on the space of multivalent analytic functions as follow:

L By 0,5, M) f(2) = B (e s N £(2) = 22+ s (o) an ™
2. B3 (p, 0,1, M) £(2) = B (1, M f(2) = 2% + 3200 Gy ey ™ b 2
3. C;”(a, 0,0,\)f(z) = C]T(a, AN f(z) =2P+ Z,;";Q(mwakzk;

4. By (e, 8,0, M) (2) = B (e, B, V) F(2) = 22 + 338 (rxgnpyrs) " ane"s
5. B (@, 8,0,1)f(2) = B (e, B) F(2) = 2P + 330, (aotors) man s

6. Cp'(,0,0,1) f(2) = B (@) f(2) = 2P + 3320 (a5%=) " anz";

7. 031(1,0,0,1) f(2) = B f(2) = 27 + 3o (1) " an 2,

8. Cp'(L.1,0, ) f(2) = BN f(2) = 22 + 300 (aatepy ) " an 2"

9. By (0, .10, N f(2) = B (6, 1, M) f (2) = 22+ 3000 G ogyre) " an?™s
10. C(1,8,0,1) f(2) = C(B8) f(2) = 27 + T2, (B ™ an=";

L BP0, 61 ) F(2) = B (6 1 N (2) = 22 4 T ol e

Throughout this paper, we consider the functions of the form as follow

f(z) = a1z+3Fapz", (a1 > 0,a, > 0), (2)
fi(z) = a1iz+X%an2", (a1; > 0,a,,; > 0), (3)
g(z) = biz+Xb,2", (b1 > 0,b, >0), (4)
gi(2) = bijz+ X5y, ;2", (b1 > 0,b,; >0), (5)

be regular and univalent in the unit disc U = {z : |z| < 1}-

For Convenience, we take 07" («, 3, i, A) f(2) = 0™
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For0<p<1,0<¢<1andn>0,welet J(k,p,d,n) denote the class of functions f defined by
(2) and satisfying the analytic criterion

Z(Em)/ Z(Bm)/ B
(1= p)(Cm) + pz(Cmy (1= p)(Cm) + pz(Cmy
Also let €(k,p,0,m) denote the class of functions f defined by (2) and satisfying the analytic

R{ -0} > nf 1}.

criterion
©) +207) ©) +2Cm
(= R D= D

A function f € J(k,p,0,m) (0<p<1,0<6 < 1,n7>0) if and only if

R{

o0

a+p

and f € €(n,p,6,n) (0<p<1,0<0<1,n7>0)if and only if

00 a+f

A function f which is analytic in U belonging to the class R, (k, p, d,n) if and only if

o0

a+f3 » B o Mla. Sl
Y Groam g Ut n -Gt —pllled < (0= dlard, (6

n=2

where 0 < p<1,0<d < 1,n>0 and p is any fixed nonnegative real number.

For p = k and p = k + 1, it is identical to the family of functions denoted by J(k, p,d,n) and
&(k, p,0,m) respectively. Further, for any positive integer p > h >h—1>--- > k+1 > k, we

have the inclusion relation
Ik, p,0,m) € €k, p,0,m) € -+ € Rn(k, p,6,1) € Ry(k, p, 6,7).
The class R,(n, p,d,n) is nonempty for any nonnegative real number p as the functions of the

=, « A)(n—1 P(1-6 n oo .
form f(z) = a12 + n§2 (ajmt,([g(*ljfn7(5)%)(1(%;)1/))] An2", where a; > 0, A\, > 0 and XN, < 1;

satisfy the inequality (6).
2 Main Results

Theorem 2.1. Let the functions f; defined by (3) belonging to the family of functions &(k, p, 6, 7)
defined on space of analytic functions for all by ¢ = 1,2,---r. Then quasi-Hadamard product of

f1* fa* -+ * f; belongs to the family R, ;19)_1(n, p,d,7) on same space of analytic functions.
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Proof Since f; € €(k, p,d,n), implies

o0

a+p
S TN O Gl 0= ()

(a+6)
(@+(p+AM)(n—1)+0)

Using (7) as well as (8) for i =7 and i = 1,2,---r — 1, implies

lan,i| < ( )F2ay ), Vi=1,2,-- -7 (8)

- a+p F(k42)—1 :
( )y ED (1 ) — 0+ 01 +np = p)] [[land <
nZ::Qa—f—(,u—l-)\)(n—l)—Fﬁ £[1
> OC+5 r—1 B
;(OHF (it N —1) +ﬂ)k+1[n(1+77) - (5+77)(1+np—p)]|an,r|£ll la1i] =
(1 =0 [Jlavil = fo* fas - % fr € Ryany—1(k, p,6,m)

i=1

Theorem 2.2. Let the functions f; defined by (3) belonging to the family J(k, p, d, ) of functions
on space of analytic functions for all by ¢ = 1,2, ---r. Then quasi-Hadamard product product of

fi* fa% -+ f. belongs to the family R, (;4+1)-1(n, p,d,1) on the same space of analytic functions.

Proof Using the same techniques of the proof of Theorem 2.1, we proved that

> a+ 3 r(k+1)=17,, _ np — - a

nZQ(aJr(quA)(n—l)Jrﬂ) P (L +n) = G+ )1+ np p)]gl nil <
00 Oé—|—ﬁ r—1 B
S g Tp) 0 = @t ne— ol I lewd =

(1 - 5) H |a1,i| = fl * f2 koeee ok f?“ S S)L{'I‘(k—‘,-l)—l(kvp> 5777)
i=1
Theorem 2.3. Let the functions f; defined by (3) belonging to a family €(k, p, d,n) of functions
on space of analytic functions for all by ¢ = 1,2,---r and let g; defined by (5) belonging to
family J(n, p, d,7n) of functions on space of analytic functions for all by j = 1,2, ---¢. Then quasi-
Hadamard product of f1x fox---* frxg1%ga*- - -*g, belongs to the class Ry (549)4g(k+1)—1(1, 0, 6,1)

on the same space of analytic functions.

Proof Let us denote f1 * fo* -« f,. x g1 x g2 * -+ x gy by G. Then

G(2) = ([TavlT T 1rillz + (T loma NI T sl

n=2 i=1
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Since f; € €(k,p,6,n) and g; € J(k, p,d,n), implies

o0

S ) ) = G (= e < (1= B | Vi = 12,
n=2
o < L ENm 1) A S
YT ((a+ B +n) — 0+ n) (1 +np—p)]
il = <(a+(u4£aA;r(f)_ 1)+ﬂ))7k72‘a“"\”:1’2""7"' (9)
|bn,i < <(a+<ﬂ _i(_og\;_(f)_ 1)_’_5))7k71‘ab,i’7vz. = 1,2,(] (10)
Also
S a3 0 ) = G+ np = ol < =8l ()
n=2

Using (9), (11) and (10) for ¢ = 1,2,--- ,7, j = g and j = 1,2,---q — 1 respectively. we have
(consider t = r(k+2) +q(k+1) —1)

> a+p . d ' a '

gawﬂ)(n_nw) [n<1+n>—<6+n><1+np—p>][iﬂlran,lHjﬂlwmu <
> a+p . . B
Tgﬁ D) A = @ +n)+np = p)llbug [[| ij:[lwl,ju =

00 Ot—l—ﬂ r q—1
;2<a+ e A LR CREIC +np—p>nbn,qu£[1\a1,i er:[l brl] <
A=) [laiIT s =

i=1 j=1

Juxfoxox frxgikgax % gq € Rogga)rqhr1)—1(n, 0, 6,m) as required.
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