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Abstract

In this paper we investigate a family of integral operators defined on the space of analytic
functions. By making use of these novel integral operators we give some applications of the
new families of analytic functions on the same space associated with quasi-Hadamard product
in the unit disk U.
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1 Introduction and Preliminaries

Let H be the class of functions analytic in U = {z : |z| < 1} and H[a, n] be the subclass of H

consisting of functions of the form f(z) = a+anzn+an+1z
n+1+an+2z

n+2+ · · · · Let Ap ⊆ H[a, n]

denote the class of all functions of the form f(z) = zp +
∑∞

k=p+1 akz
k, p ∈ N = {1, 2, · · · }.

Let A denote the class of functions of the form f(z) = z+a2z
2+a3z

3+· · · or f(z) = z+
∑∞

n=2 anzn

which are analytic in the open unit disk U = {z : |z| < 1} normalized by f(0) = f ′(0)− 1 = 0.

For functions f(z) = z +
∑∞

n=2 anzn and g(z) = z +
∑∞

n=2 bnzn the Hadamard product (or

convolution) f ∗ g is defined by (f ∗ g)(z) = z +
∑∞

n=2 anbnzn.

For a function f ∈ Ap, we define a linear differential operator as follow:

Υ0f(z) = f(z);

Υ1
λ(p, α, β, µ)f(z) = (

α− pµ + β − pλ

(α + β)
)f(z) + (

pµ + pλ

(α + β)
)
zf ′(z)

p
;

Υ2
λ(p, α, β, µ)f(z) = D(Υ1

λ(p, α, β, µ)f(z));
...

Υn
λ(p, α, β, µ)f(z) = zp +

∞∑

k=p+1

(
α + (µ + λ)(k − p) + β

α + β
)nakz

k. (1)
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(α, β, µ, λ ≥ 0, α + β 6= 0, n ∈ No = {0, 1, · · · }). The operator Υn
λ(p, α, β, µ) is the generalized

form of the following operators introduced by well know authors such as:

1. p = 1, Υn
λ(α, β, µ)f = z +

∑∞
k=2(

α+(µ+λ)(k−1)+β
α+β )nakz

k(see [8],[9],[10]);

2. p = 1 β = 0 Υn
λ(1, α, 0, µ)f = Υn

λ(α, µ)f = z +
∑∞

k=2(
α+(µ+λ)(k−1)

α )nakz
k(see[7]);

3. α = p, µ = 0 Υn
λ(p, `, 0)f = In

p (λ, `)f = zp +
∑∞

k=2(
p+λ(k−p)+`

p+` )nakz
k(see[4]);

4. α = p, µ = 0, λ = 1 Υn
λ(p, `) = zp +

∑∞
k=2(

k+`
p+` )

nakz
k(see[13],[18]);

5. , p = β = 1, µ = 0 Υn
λ(1, α, 1, 0)f = Dnf = z +

∑∞
k=2(

α+λ(k−1)+1
α+1 )nakz

k(see[2]);

6. p = α = 1, β = o Υn
λf = Dnf = z +

∑∞
k=2(1 + λ(k − 1))nakz

k(see[1]);

7. p = α = λ = 1, β = µ = 0 Υn
1 (1, 1, 0, 0)f = Dnf = z +

∑∞
k=2(k)nakz

k(see[16]);

8. p = α = β = λ = 1, µ = 0 Υn
1 (1, 1, 1, 0)f(z) = Dnf = z +

∑∞
k=2(

k+1
2 )nakz

k(see[19]);

9. p = β = λ = 1, µ = 0, Υn
1 (α)f = z +

∑∞
k=2(

k+α
α+1 )nakz

k(see[5],[6]).

Similarly for f ∈ Ap on the space of multivalent analytic functions we define an integral operator

as follows:

{0
p(α, β, µ, λ)f(z) = f(z);

{1
p(α, β, µ, λ)f(z) =

α + β

µ + λ
z

p−(α+β
µ+λ

)
∫ z

o
t
(α+β

µ+λ
)−p−1

f(t)dt;

{2
p(α, β, µ, λ)f(z) =

α + β

µ + λ
z

p−(α+β
µ+λ

)
∫ z

o
t
(α+β

µ+λ
)−p−1{1

p(α, β, µ, λ)f(t)dt;

...

{m
p (α, β, µ, λ)f(z) = zp +

∞∑

k=2

(
α + β

α + (µ + λ)(k − p) + β
)makz

k, m ∈ N0.

The operator {m
p (α, β, µ, λ) is also generalized form of the following operators:

1. {α
1 (1, 1, 0, 1)f(z) = Iαf(z) = z +

∑∞
k=2(

2
k+1)αakz

k(see[12]);

2. {m
p (p, 1, 0, 1)f(z) = Im

p f(z) = zp +
∑∞

k=p+1(
p+1
k+1)makz

k(see[17]);

3. {m
1 (1, 0, 0, λ)f(z) = I−m

λ f(z) = z +
∑∞

k=2(1 + λ)(k − 1))−makz
k(see[14]);

4. {α
1 (1, 1, 0, 1)f(z) = Iαf(z) = z +

∑∞
k=2(

2
k+1)αakz

k(see[11]);
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5. {m
p (p, 1, 0, 1)f(z) = Im

p f(z) = zp +
∑∞

k=p+1(
p+1
k+1)makz

k(see[15]);

6. {m
1 (1, 0, 0, 1)f(z) = Imf(z) = z +

∑∞
k=2(k)−makz

k(see[16]);

7. {m
p (p, `, 0, λ)f(z) = Jm

p (λ, `)f(z) = zp +
∑∞

k=p+1(
p+`

p+`+λ(k−p))
makz

k(see[3]).

By specializing the parameters of {m
p (α, β, µ, λ), we introduce certain new differential operators

on the space of multivalent analytic functions as follow:

1. {m
p (α, 0, µ, λ)f(z) = {m

p (α, µ, λ)f(z) = zp +
∑∞

k=2(
α

α+(µ+λ)(k−p))
makz

k;

2. {m
p (p, 0, µ, λ)f(z) = {m

p (µ, λ)f(z) = zp +
∑∞

k=2(
p

p+(µ+λ)(k−p))
makz

k;

3. {m
p (α, 0, 0, λ)f(z) = {m

p (α, λ)f(z) = zp +
∑∞

k=2(
α

α+λ(k−p))
makz

k;

4. {m
p (α, β, 0, λ)f(z) = {m

p (α, β, λ)f(z) = zp +
∑∞

k=2(
α+β

α+λ(k−p)+β )makz
k;

5. {m
p (α, β, 0, 1)f(z) = {m

p (α, β)f(z) = zp +
∑∞

k=2(
α+β

α+k−p+β )makz
k;

6. {m
p (α, 0, 0, 1)f(z) = {m

p (α)f(z) = zp +
∑∞

k=2(
α

α+k−p)makz
k;

7. {m
p (1, 0, 0, 1)f(z) = {m

p f(z) = zp +
∑∞

k=2(
1

1+k−p)makz
k;

8. {m
p (1, 1, 0, λ)f(z) = {m

p (λ)f(z) = zp +
∑∞

k=2(
2

2+λ(k−p))
makz

k;

9. {m
p (p, `, µ, λ)f(z) = {m

p (`, µ, λ)f(z) = zp +
∑∞

k=2(
p+`

p+(µ+λ)(k−p)+`)
makz

k;

10. {m
p (1, β, 0, 1)f(z) = {m

p (β)f(z) = zp +
∑∞

k=2(
p+β
k+β )makz

k;

11. {m
p (0, `, µ, λ)f(z) = {m

p (`, µ, λ)f(z) = zp +
∑∞

k=2(
`

(µ+λ)(k−p)+`)
makz

k.

Throughout this paper, we consider the functions of the form as follow

f(z) = a1z + Σ∞2 anzn, (a1 > 0, an ≥ 0), (2)

fi(z) = a1,iz + Σ∞2 an,iz
n, (a1,i > 0, an,i ≥ 0), (3)

g(z) = b1z + Σ∞2 bnzn, (b1 > 0, bn ≥ 0), (4)

gj(z) = b1,jz + Σ∞2 bn,jz
n, (b1,i > 0, bn,j ≥ 0), (5)

be regular and univalent in the unit disc U = {z : |z| < 1}·
For Convenience, we take {m

1 (α, β, µ, λ)f(z) = {m
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For 0 ≤ ρ < 1, 0 ≤ δ < 1 and η ≥ 0, we let J(k, ρ, δ, η) denote the class of functions f defined by

(2) and satisfying the analytic criterion

<{ z({m)′

(1− ρ)({m) + ρz({m)′
− δ} > η{ z({m)′

(1− ρ)({m) + ρz({m)′
− 1}.

Also let C(k, ρ, δ, η) denote the class of functions f defined by (2) and satisfying the analytic

criterion

<{ ({m)′ + z({m)′′

({m)′ + ρz({m)′′
− δ} > η{ ({m)′ + z({m)′′

({m)′ + ρz({m)′′
− 1}.

A function f ∈ J(k, ρ, δ, η) (0 ≤ ρ < 1, 0 ≤ δ < 1, η ≥ 0) if and only if

∞∑

n=2

(
α + β

α + (µ + λ)(n− 1) + β
)k[n(1 + η)− (δ + η)(1 + nρ− ρ)]|an,i| ≤ (1− δ)|a1,i|,

and f ∈ C(n, ρ, δ, η) (0 ≤ ρ < 1, 0 ≤ δ < 1, η ≥ 0) if and only if

∞∑

n=2

(
α + β

α + (µ + λ)(n− 1) + β
)k+1[n(1 + η)− (δ + η)(1 + nρ− ρ)]|an,i| ≤ (1− δ)|a1,i|.

A function f which is analytic in U belonging to the class Rp(k, ρ, δ, η) if and only if

∞∑

n=2

(
α + β

α + (µ + λ)(n− 1) + β
)p[n(1 + η)− (δ + η)(1 + nρ− ρ)]|an,i| ≤ (1− δ)|a1,i|, (6)

where 0 ≤ ρ < 1, 0 ≤ δ < 1, η ≥ 0 and p is any fixed nonnegative real number.

For p = k and p = k + 1, it is identical to the family of functions denoted by J(k, ρ, δ, η) and

C(k, ρ, δ, η) respectively. Further, for any positive integer p > h > h − 1 > · · · > k + 1 > k, we

have the inclusion relation

J(k, ρ, δ, η) ⊆ C(k, ρ, δ, η) ⊆ · · · ⊆ Rh(k, ρ, δ, η) ⊆ Rp(k, ρ, δ, η).

The class Rp(n, ρ, δ, η) is nonempty for any nonnegative real number p as the functions of the

form f(z) = a1z +
∞∑

n=2

(α+(µ+λ)(n−1)+β)p(1−δ)
(α+β)p[n(1+η)−(δ+η)(1+nρ−ρ)]λnzn, where a1 > 0, λn ≥ 0 and Σ∞2 λn ≤ 1;

satisfy the inequality (6).

2 Main Results

Theorem 2.1. Let the functions fi defined by (3) belonging to the family of functions C(k, ρ, δ, η)

defined on space of analytic functions for all by i = 1, 2, · · · r. Then quasi-Hadamard product of

f1 ∗ f2 ∗ · · · ∗ fr belongs to the family Rr(k+2)−1(n, ρ, δ, η) on same space of analytic functions.
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Proof Since fi ∈ C(k, ρ, δ, η), implies
∞∑

n=2

(
α + β

α + (µ + λ)(n− 1) + β
)k+1[n(1 + η)− (δ + η)(1 + nρ− ρ)]|an,i| ≤ (1− δ)|a1,i|, (7)

⇒

|an,i| ≤ (
(α + β)

(α + (µ + λ)(n− 1) + β)
)−k−2|a1,i|,∀ i = 1, 2, · · · r. (8)

Using (7) as well as (8) for i = r and i = 1, 2, · · · r − 1, implies
∞∑

n=2

(
α + β

α + (µ + λ)(n− 1) + β
)r(k+2)−1[n(1 + η)− (δ + η)(1 + nρ− ρ)]

r∏

i=1

|an,i| ≤

∞∑

n=2

(
α + β

α + (µ + λ)(n− 1) + β
)k+1[n(1 + η)− (δ + η)(1 + nρ− ρ)]|an,r|

r−1∏

i=1

|a1,i| =

(1− δ)
r∏

i=1

|a1,i| ⇒ f1 ∗ f2 ∗ · · · ∗ fr ∈ Rr(k+2)−1(k, ρ, δ, η) .

Theorem 2.2. Let the functions fi defined by (3) belonging to the family J(k, ρ, δ, η) of functions

on space of analytic functions for all by i = 1, 2, · · · r. Then quasi-Hadamard product product of

f1 ∗f2 ∗ · · · ∗fr belongs to the family Rr(k+1)−1(n, ρ, δ, η) on the same space of analytic functions.

Proof Using the same techniques of the proof of Theorem 2.1, we proved that
∞∑

n=2

(
α + β

α + (µ + λ)(n− 1) + β
)r(k+1)−1[n(1 + η)− (δ + η)(1 + nρ− ρ)]

r∏

i=1

|an,i| ≤

∞∑

n=2

(
α + β

α + (µ + λ)(n− 1) + β
)k+1[n(1 + η)− (δ + η)(1 + nρ− ρ)]|an,r|

r−1∏

i=1

|a1,i| =

(1− δ)
r∏

i=1

|a1,i| ⇒ f1 ∗ f2 ∗ · · · ∗ fr ∈ Rr(k+1)−1(k, ρ, δ, η) .

Theorem 2.3. Let the functions fi defined by (3) belonging to a family C(k, ρ, δ, η) of functions

on space of analytic functions for all by i = 1, 2, · · · r and let gj defined by (5) belonging to

family J(n, ρ, δ, η) of functions on space of analytic functions for all by j = 1, 2, · · · q. Then quasi-

Hadamard product of f1∗f2∗· · ·∗fr∗g1∗g2∗· · ·∗gq belongs to the class Rr(k+2)+q(k+1)−1(n, ρ, δ, η)

on the same space of analytic functions.

Proof Let us denote f1 ∗ f2 ∗ · · · ∗ fr ∗ g1 ∗ g2 ∗ · · · ∗ gq by G. Then

G(z) = [
r∏

i=1

|a1,i|][
q∏

j=1

|b1,j |]z +
∞∑

n=2

[
r∏

i=1

|an,i|][
q∏

j=1

|bn,j |]zn·
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Since fi ∈ C(k, ρ, δ, η) and gj ∈ J(k, ρ, δ, η), implies
∞∑

n=2

(
α + β

α + (µ + λ)(n− 1) + β
)k+1[n(1 + η)− (δ + η)(1 + nρ− ρ)]|an,i| ≤ (1− δ)|a1,i|, ∀ i = 1, 2, · · · r.

|an,i| ≤ (α + (µ + λ)(n− 1) + β))k+1(1− δ)|a1,i|
((α + β))k+1[n(1 + η)− (δ + η)(1 + nρ− ρ)]

,

|an,i| ≤ (
(α + β)

(α + (µ + λ)(n− 1) + β)
)−k−2|a1,i|, ∀ i = 1, 2, · · · r. (9)

|bn,i| ≤ (
(α + β)

(α + (µ + λ)(n− 1) + β)
)−k−1|ab,i|, ∀ i = 1, 2, · · · q. (10)

Also
∞∑

n=2

(
α + β

α + (µ + λ)(n− 1) + β
)k[n(1 + η)− (δ + η)(1 + nρ− ρ)]|bn,j | ≤ (1− δ)|b1,j |. (11)

Using (9), (11) and (10) for i = 1, 2, · · · , r, j = q and j = 1, 2, · · · q − 1 respectively. we have

(consider t = r(k + 2) + q(k + 1)− 1)
∞∑

n=2

(
α + β

α + (µ + λ)(n− 1) + β
)t[n(1 + η)− (δ + η)(1 + nρ− ρ)][

r∏

i=1

|an,i|][
q∏

j=1

|bn,j |] ≤

∞∑

n=2

(
α + β

α + (µ + λ)(n− 1) + β
)k[n(1 + η)− (δ + η)(1 + nρ− ρ)][|bn,q|

r∏

i=1

|a1,i|][
q−1∏

j=1

|b1,j |] =

∞∑

n=2

(
α + β

α + (µ + λ)(n− 1) + β
)k[n(1 + η)− (δ + η)(1 + nρ− ρ)]|bn,q|[

r∏

i=1

|a1,i|][
q−1∏

j=1

|b1,j |] ≤

(1− δ)[
r∏

i=1

|a1,i|][
q∏

j=1

|b1,j |] ⇒

f1 ∗ f2 ∗ · · · ∗ fr ∗ g1 ∗ g2 ∗ · · · ∗ gq ∈ Rr(k+2)+q(k+1)−1(n, ρ, δ, η) as required.
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