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Abstract

In this paper we find a variational constant formula for the following system of functional
partial parabolic equations

w = DAu+ Lu;+ f(t,x), ¢t>0, ueR"
du(t, 2) = 0, t>0, zedN
an
u(0,z) = ¢(z)
u(s, x) = ¢(s,z), se€[-7,0), z€Q

where Q is a bounded domain in RY, D is a n x n non diagonal matrix whose eigenva- lues
are semi-simple with non negative real part and f : IR x @ — IR" is a smooth function. The
standard notation u;(z) defines a function from [—7,0] to IR" (with = fixed) by u.(z)(s) =
u(t+ s,2),—7 < s < 0. Here 7 > 0 is the maximum delay, which is suppose to be finite. We
assume that the operator L : L?([—7,0]; Z) — Z is a bounded linear(linear and continuous)
with Z = L?(Q) and ¢g € Z, ¢ € L?([-7,0]; Z).

Resumen

En este articulo encontramos una férmula de variaciéon de pardmetro para el siguiente sistema
de ecuaciones parabdlicas parciales funcionales:

ou(t, )
ot

ou(t, x)
an

u(0, z)

u(s,z) =

DAu+ Lug + f(t,z), ¢t>0, ueR"

0, t>0,

¢()
(;5(8, (E),

x € 0f)

s€[-71,0), ze€Q

donde Q es un dominio acotado en IRY, D es una matriz n x n no diagonal, cuyos au-
tovalores son semisimples con parte real no negativa y f : IR x Q@ — IR"™ es una funciéon
37
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suave. La notacion estandar u;(z) define una funcion de [—7,0] en IR" (con z fijo) dada por
ug(x)(s) = u(t +s,2),—7 < s < 0. Aqui 7 > 0 es el maximo retardo, el cual se supone finito.
Se asume que el operador L : L?([-7,0]; Z) — Z es lineal y acotado con Z = L?*(Q) y
¢o € Z, ¢ € L*([-7,0; Z).

key words. functional partial parabolic equations, variation constant formula, strongly conti-

nuous semigroups.
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1 Introduction

In this paper we find a variational constant formula for the following system of functional partial

parabolic equations

aug;’x) = DAu+Lu + f(t,z), t>0, ueR"
utr) o o0 zeon
an (1.1)
u(0,z) = ¢(x)
’LL(S,SE) = ¢(87$)7 s € [_7_70)7 x €

where Q is a bounded domain in IR, D is a n x n matrix non diagonal whose eigenvalues are
semi-simple with non negative real part and f : IRx ) — IR" is an smooth function. The standard
notation wu(x) defines a function from [—7,0] to IR" (with x fixed) by u¢(z)(s) = u(t + s, ),

— 7 < s <0. Here 7 > 0 is the maximum delay, which is suppose to be finite. We assume the
operator L : L%([~7,0]; Z) — Z is linear and bounded with Z = L?(Q) and ¢g € Z, ¢ €
L3([-7,0]; 2).

The variational constant formula plays an important role in the study of the stability, existence
of bounded solutions and the asymptotic behavior of non linear ordinary differential equations.
For the following finite dimensional semi-linear ordinary differential equations of the type:

{a:’(t) = A@t)+ f(t,z), € R"

2(0) = o, (1.2)

the variation constant formula is well known and is given by

x(t) = ®(t)zo + /0 O(t)D(s)f(s,x(s))ds
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where ®(+) is the fundamental matrix of the system
2 (t) = A(t)z. (1.3)

Due to the importance of this formula for semi linear ordinary differential equations, in 1961 the
Russian mathematician Alekseev, V. M. [1], found a formula for the following non linear ordinary

differential equation:

y'(t) = f(t,y) +9(t,y), y(to) =wo (1.4)

which is given by
t

y(tto,40) = (s to, vo) + / B(t, 5,())g (s, y(s))ds,

to

where x(t,t9,y0) is the solution of the initial value problem

I’l(t) = f(th)a .Z'(to) = Yo, (15)
and o :
oz t,t0, Y0
<I>(t73>£) - ay(] .

This formula is used to compare the solutions of (1.4) with solutions of (1.5). In fact, it was used
in [9].
In infinite dimensional Banach spaces Z we have the following general situation. If A is the

infinitesimal generator of strongly continuous semigroup {7'(¢)}¢>0 in Z and f : [0,8] — Z is a

suitable function, then the solution of the initial value problem

2(t) = Az(t)+ f(t), t>0, z€Z (1.6)
z2(0) =z, '
is given by the variation constant formula
t
+(t) = T(t)z +/ T(t— 8)f(s)ds, te€ [0,00). (1.7)
0

So, any solution of the problem (1.6) is also solution of the integral equation (1.7), but not the
conversely since a solution of (1.7) is not necessarily differentiable. We shall refer to a continuous
solution of (1.7) as a mild solution of problem (1.6); a mild solution is thus a kind of generalized
solution. However, if {T'(¢) };>0 is an analytic semigroup and the function f satisfies the following

Holder condition
I1f(s) = fFOI < Lls—t)’, st (0,0,

with L > 0, # > 1, then the mild solution (1.7) is also solution of the initial value problem (1.6).
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Our work and many others are motivated by the legendary paper du to Borisovic J.U.G and
Turbabin A.S., see [3]; there they found a variational constant formula for the following system
of nonhomogeneous differential equation with delay

Z(t) = Lz+ f(t), t>0, z€ R"
z2(0) = =z, (1.8)
z(s) = o(s), se[-70),
where f : IRt — IR" is a suitable function. The standard notation z; defines a function from
[—7,0] to R™ by z(s) = z(t+s),—7 < s < 0. Here 7 > 0 is the maximum delay, which is
suppose to be finite. We assume that the operator L : LP([—7,0]; IR") — IR" is linear and
bounded, and zy € IR", ¢ € LP(|—7,0]; IR™). Under some conditions they prove the existence and
the uniqueness of solutions for this system and associate to it a strongly continuous semigroup
{T'(t) }+>0 in the Banach space M,([—7,0]; R") = IR" & L,([—,0]; IR").
Therefore, the systems (1.8) is equivalent to the following systems of ordinary differential equa-
tions in M,:
dW (t)
dt
W(0) =Wo= (20, ("))
where A is the infinitesimal generator of the semigroup {7'(t)}:>0 and ®(t) = (f(¢),0).

=AW(@t)+d(t), t>0
(1.9)

Hence, the solution of system (1.8) is given by the variational constant formula o mild solution:
¢

W(t) = T(E)W, + / T(t — 5)B(s)ds. (1.10)
0

Finally, the formula we found here is valid for those system of PDEs that can be rewritten in
the form %u = DAu, like damped nonlinear vibration of a string or a beam, thermoplastic plate

equation, etc; for information about this, one can see the paper by Luiz de Oliveira ([12]).

To the best of our knowledge, there are variational constant formulas for reaction diffusion equa-
tions, functional equations and neutral equations [6], but for functional partial parabolic equations
we are not aware of results similar to the one presented here. At the same time, if we change the

Neumann boundary condition by Dirichlet boundary condition, the result follows trivially.

2 Abstract Formulation of the Problem

In this section we choose a Hilbert Space where system (1.1) can be written as an abstract

functional differential equation, to this end, we consider the following hypothesis:
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H1). The matrix D is semi simple (block diagonal) and the eigenvalues d; € C of D satisfy
Re(d;) > 0 . Consequently, if 0= A1 < A2 < ... < A, — o0 are the eigenvalues of —A with
homogeneous Neumann boundary conditions, then there exists a constant M > 1 such that :

le Pt <M, t>0, n=123,..

H2). For all I >0 and z € L2 ([-7,0); Z) we have the following inequality

loc

t
|12 ds < Mo(0) | 2 s s V€ (0.1
0

where Mj(-) is a positive continuous function on [0, co).

Consider H = L?(2,IR) and 0 = A\; < Ao < ... < A\, —> 00 the eigenvalues of —A, each one

with finite multiplicity =, equal to the dimension of the corresponding eigenspace. Then :

(i) There exists a complete orthonormal set {¢y, 1} of eigenvectors of —A.

(ii) For all £ € D(—A) we have

oe] Tn o0
“AE=D A Y < bk > G = D AnEnk, (2.1)
n=1 k=1 n=1
where < -, - > is the inner product in H and
Tn
Enw = Z < 57 (bn,k > ¢n,k- (2'2)
k=1
So, {E,} is a family of complete orthogonal projections in H and
£=> Eu6 (€H
n=1

(iii) A generates an analytic semigroup {Ta(t)} given by
Ta(t)E = f: e MELE. (2.3)
n=1
Now, we denote by Z the Hilbert space L?(Q2, IR") and define the following operator
A:DA)CZ—Z, Ap=-DAy

with D(A) = H%(Q, R™) N H}(Q, R™).
Therefore, for all z € D(A) we obtain,

Az = i MDP,z

n=1
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and
o0 o0
2= Pz, | 2P=) Pz |? z€2
n=1 n=1

where

P, =diag(E,, E,, ..., E,)

is a family of complete orthogonal proyections in Z.

Consequently, system (1.1) can be written as an abstract functional differential equation in Z:

dz(t) .

= = —Ax(t) + La+ f(1), >0
2(0) = ¢ (2.4)
2(s) = ¢(s), s €[~7,0)

Here f€:(0,00) — Z is a function defined as follows:

o) () = f(t,z), t>0, ze.

3 Preliminaries Results

From now on, we will use the following generalization of lemma 2.1 from |[8].

Lemma 3.1 Let Z be a separable Hilbert space, {Sy(t)}n>1 @ family of strongly continuous semi-

groups and {Pp}n>1 a family of complete orthogonal projection in Z such that:
AP, =P,A,, n>1,2,...

where A, is the infinitesimal generator of Sy,.

Define the following family of linear operators
Stz = Su(t)Prz,  t=>0.
n=1

Then:

(a) S(t) is a linear and bounded operator if || Sp(t) ||< g(t),n =1,2,..., with g(t) > 0, continuous
fort > 0.

(b) {S(t)}t>0 is an strongly continuous semigroup in the Hilbert space Z whose infinitesimal

ge-nerator A is given by

Az = ZAnPnz, z € D(A)
n=1
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with

DM):{zGZ/SiuAM%ﬂP<a}

n=1

(c) the spectrum o(A) of A is given by

= [J o), (3.1)
n=1
where A, = APy, : R(P,) — R(Py).
Proof First, from Hille-Yosida Theorem we obtain
Sn(t)P, = P,Sy(t) since A, P, = P,A,.

So, {Sn(t)P,z}n>1 is a family of orthogonal vectors in Z. Then

Is@®)z 1> =

Therefore, S(t) is a bounded linear operator.

Second, we have the following relations:
() )
SH)S(s)z = > Su(t)PS(s)z
n=1
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(iii)

IS®)z -z |

HZS PZ—ZPZ”Z
= Z | (Sn(t) = I)Ppz ”2

n=1

N 00
= 1 (Su(t) = DPu2) [P+ Y [ (Su(t) = D) Poz ||
n=1 n N+1
< NPz |P) +K P,z ||?
< s [ (Sulh) = Pz | Z > 1Al

n=N+1

where K = sup || (Su(t) = I) |*< (g(t) + 1)
0<t<1; n>1

Since {Sn(t)}i>0 (n = 1,2,...) is an strongly continuous semigroup and {P,},>1 is a complete
orthogonal projections, given an arbitrary ¢ > 0 we have, for some natural number N and

0 <t < 1, the following estimates:

.- 2_ _€ 2. _€ 2 o
n:%;l | oz IP< 5 sup [ (Sult)=D)Poz P< gz and || S(t)z—z |* < Z+ — < e

Hence, S(t) is an strongly continuous semigroup.

Let A be the infinitesimal generator of this semigroup. By definition, we have for all z € D(A)

S(t)z — z , i (Sp(t) —1) P

Az= lim —— = Ilim
t—0+ t t—0F = t
Next,
P,Az =P, ( lim Z wPﬁ;) = lim Msz =N, P,z
t—s0t o t t—s0t t
So,
Az = ZPnAz
ggl
= ZAnPnz
n=1
and,

D(A) C {z € Z/i | ApPpz ||2< oo}

n=1

On the other hand, if we suppose that =z € {z e Z/ Z | AnPrnz ||?< oo}, then

n=1

o
Y AnPuz=yeZ

n=1
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n
Next, making z, = Z Pz we obtain that
k=1

. S(t)zn — zn ~
t1_1)n%+ — = I;PkAkz < o0.

Therefore, z, € D(A) and Az, = Z PALz.

k=1
Finally, if z, — 2z when n — oo and lim Az, =y, then, since A is closed, we obtain

t—0t
that z € D(A) and Az =y.

To complete the proof of the lemma, we shall prove part (c). It is equivalent to prove the

following:
U o(An) co(d) and o(A) € [ o(An).
n=1 n=1

To prove the first part, We shall show that p(A) C 2, p(A,). In fact, let X be in p(A). Then
(A—A)"': Z — D(A) is a bounded linear operator. We need to prove that

A =Ap)"' R(Py) — R(Pn)

exists and is bounded for m > 1. Suppose that (A — A,,) "' P,z = 0. Then

A=A)Pnz = Y (A= An)PuPnz
n=1
(A —=Ap)Ppz=(A—Ap)Pnrz=0.

Which implies that, P,z = 0. So, (A — A,;,) is one to one.

Now, given y in R(P,,) we want to solve the equation (A — A,,)w = y. In fact, since X € p(A)
there exists z € Z such that

[e.e]

A=A)z= Z()\ — APz =y.

n=1

Then, applying P, to the both side of this equation we obtain
Po(A=ANz=AN=Ap)Pnz=\—Ay)Pnz=Ppy=vy.

Therefore, (A—A,,) : R(Py,) — R(P,,) is a bijection. Since A,, is close, then, by the closed-graph

theorem, we get that

Nep(Ap) ={AeC: (A, — M) is bijective} = {\ € C : (A, — \XI)™! is bounded}
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for all m > 1. We have proved that

p(A) C

_8

p(An) <= |Jo(An) Co(r).
n=1

Il
A

n

Now, we shall prove the other part of (c), that is to say:

o(A) C a(Ay).

n=1
In fact, if A € o(A), then
(1) Aeop(A) ={A e C: (A —XI) is not injective}
(2) A€o (V) ={\c C:(A—\) is injective , but R(A — \I) # Z}
(3) A€ a.(A)={re C:(A—\) is injective , R(A — XI) = Z,but R(A — \I) # Z}.

(1) If (AA — AI) is not injective, then there exists z € Z non zero such that: (A — AI)z = 0. This

implies that for some ng we have:

(Apg — A)Ppyz =0, Pz #0.

From here we obtain that A € o(A,,), and therefore A € U o(Ay).
n=1
(2) If R(A — A\I) # Z, then there exists zg € Z non zero such that:
(20, (AN — AXI)z) =0, Vze D(A).

[e.e]
But, z = ZPnz, SO:

n=1
(20, Y (A — AI)Pyz) = 0.
n=1
Now, if zg # 0, then there is ng € N such that P, zo # 0. Hence,
0 = (20, (A — A)Ppz)
n=1

= <Z0, (Ano — /\I)Pnoz>

= <Pn020a (A—no = M) Py 2)
So, R(Ay,, — M) # P, Z. Therefore, A € o(A,,) C U o(Ay).

n=1

(3) Assume that (A — A\I) is injective, R(A —AXI) =Z and R(A —\I) C Z.
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C
o0

For the purpose of get a contradiction, we suppose that A € (U O’(A_n)> )
n=1

But,
c

S 00 c
(Urm) < (Uom)
n=1 n=1

= [ p(&0),

n>1
which implies that, A € p(A,,), for all n > 1. Then we get that:

(A = M) : R(P) — R(Py)

is invertible, with (A, — AI)~! bounded.
Hence, for all z € D(A) we obtain that

Pj(A—X)z=(A; — X)Pjz, j=1,2,...

ie.,

(A = A)7'Pj(A = Az = Pjz, j=1,2,...

Now, since D(A) is dense in Z, we may extend the operator (A; — AI) "1 P;(A — AI) to a bounded

operator T} defined on Z. Therefore, it follows that
Tiz=Pjz, Vze€Z, j=12,...,

and

1Tl =11Pll <1, j=1,2,....

Since R(A — A\I) = Z, we get that

& - AD7Y <1, j=12,....

Now we shall see that R(A — AI) = Z. In fact, given z € Z we define y as follows

y= (& —A)"'Pjz

Jj=1
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From (3.2) we get that y is well defined. We shall see now that y € D(A) and (A — AI)y = z. In
fact, we know that:
ye D) < Y [Pyl < oo
j=1
On the other hand, we have that

SR Pyl = 7 1887 = AD T Pzl = 3 IHT 4+ AGK; — A1) Pyl
j=1

j=1 j=1
So,
D APl < Y 1A+ D IPz]? = (1+ AN [l2]* < oo.
j=1 j=1
Then, y € D(A) and (A — \) = z.
Therefore R(A — M) = Z, which is a contradiction that came from the assumption: A\ €

Lemma 3.2 Let Z be a separable Hilbert space, {Sy(t) }i>0 a family of strongly continuous semi-

groups with generators A, and {P,},>1 a family of complete orthogonal projections such that
A, P, = P,A,, nm=1,2,... (3.3)

If the operator
Az = ZAnPnz, z€ D(A)

n=1
with -
DA ={z€Z:) || APz |>< 00}

n=1

generates a strongly continuous semigroup {S(t)}¢>0, then
[ee]
Stz = Su(t)Prz, z€ Z.
n=1

Proof If zp € Z, then P, zp € D(A) and the mild solution of the problem

2(t) = Az(t)
{2(0) = Py (34)
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is given by z,(t) = S(t)P,z0 and it is a classic solution.

Using (3.3) and the Hille-Yosida Theorem, we get that P,,S(t) = S(t)P,, which implies that:
St)z =Y _ PuS(t)zo = Y S(t)Pazo. (3.5)
n=1 n=1
On the other hand, since z,(t) is a classic solution of (3.4), we obtain that
Z(t) = Azn(t)

= AS(t)Pn 20

= ) AnPuS(t)Pazo

m=1
= AnPnS(t)PnZQ
= A,S(t)Przo = Apzn(t)

So, zn(t) = Sp(t)Ppzo = S(t)P,zo and from (3.5) we get that

Sn(t)z0 =Y Sn(t)Pozo.
n=1

Now, applying Lemma 3.1 we can prove the following result.

Theorem 3.3 The operator — A is the infinitesimal generator of a strongly continous semigroup

{Ta(t)}i>¢ in the space Z, given by

o0
Ta(t)z=> e PPz, 2€Z, t>0. (3.6)
n=1

3.1 Existence and Uniqueness of Solutions

In this part we study the existence and the uniqueness of the solutions for system (2.4) in case

that f¢ = 0. That is, we analyze the following homogeneous system

d:(t)

P —Az(t) + Lz, t>0
Z(O) = (250 =20 (3'7)
z(s) = ¢(s), s€[-7,0)
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Definition 3.4 A function z(-) define on [—7, ) is called a Mild Solution of (5.7) if

o(t); —1<t<0
2(t) = ¢
Ta(t)zo —1—/ Ta(t — s)Lzsds, te€0,a)
0

Theorem 3.5 The problem (5.7) admits only one mild solution defined on [—T,00).

Proof Consider the following initial function

Ta(s)zo; s>0

which belongs to L2 ([-7,00), Z). For a moment we shall set the problem on [—7,1], I > 0 and
denote by G the set:

G:{¢3¢€L2[[—T70¢],Z] and ’1/1—80‘L2§P7 p>0}7

where o« > 0 is a number to be determine. It is clear that G endowed with the norm of

L2([-7,a]; Z) is a complete metric space.

Now, we consider the application S : G — Z given by
o(t), —-1<t<0

(Sz)(t) = Sa(t) = : Vz € G.
Ta(t)zo —1—/ Ta(t — s)Lzsds, te€]0,q]

0
Claim 1. There exists o > 0 such that:
(i) Sz e G, Vzed.
(ii) S is a contraction mapping,.

In fact, we prove (i) in the following way:

182(t) — o(t) | < /O | Talt - 5)Lz, | ds

o
< /M|Lzs|ds
0

< MMo(a) | 2 [r2(-ra).z2) -

Integrating we have:

|S2—¢ |2 < Ka?|z|p

where K = max{MMy(a))/ « € [0,1]}.
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From here we get :

|Sz—ple < Kaz(|g|p+p), z€G.

Taking

P
a < | 2
<K(! @ 12 +p)>
we obtain that Sz € G, Vz € G.

In order to prove (ii), we use the linearity of L to obtain:
1
| Sz—Sw |2 < Kaz?|z—w|r2, Vz,weQG.
Next, in order to prove that S it is a contraction and S(G) C G it is enough to choose a as

o W’”{@)Q’(m)z}

Therefore, S is a contraction mapping.

follows :

So, if we apply the contraction mapping Theorem, there exists a unique point z € G such that
Sz =z ie.,
ot); —T1<t<0
z(t) = Sz(t) = ¢
Ta(t)z0 + / Tu(t — s)Lzsds, t€[0,al,
0

which proves the existence and the uniqueness of the mild solution of the initial value problem
(3.7) on [—T, .
Claim 2. « could be equal to co. In fact, let 2z be the unique mild solution define in a maximal

interval [—7,0)(d > «).

By contradiction, let us suppose that § < co. Since z is a mild solution of (3.7), we have that
t
() = Ta(H)20 + / Ta(t — s)Laads, ¢ € [0,0).
0

Consider the sequence {t, } such that ¢, — 6~ . Let us prove that {z(¢,)} is a Cauchy sequence.
In fact,

in tm
| z(tn) — 2(tm) | = | Taltn)zo — Ta(tm)zo + / Ta(t, — s)Lzsds — / Ta(ty, — s)Lzsds |
0 0

IN

tn tm
| (TA(tn) — Ta(tm))z0 | + | / Ty(ty, — s)Lzsds — / Ta(tm — s)Lzsds |
0 0
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But,
tn tm tm
| / Tty — 5)Lzads — / Ta(tm — 5)Lods | < | / (Ta(tn — 5) — Ta(tm — 5))L2sds |
0 0 0
tm
+ TA(t, — s)Lzsds |
tn
Now, for z € L?([—7,d]) we obtain that

tm 6
/ | (Ta(ty, —s) — Ta(ty, — s))Lzs | ds < / | (Ta(ty, —8) — Ta(tm —s))Lzs | ds
0 0

We know that:
lim | (Ta(tp —8) — Ta(tm —s))Lzs | = 0

and
| (Ta(ty, —8) — Ta(ty, —s))Lzs | < 2M | Lz |

But, from the hypothesis H1), we obtain that:

)
[ 2L ds < 220 | 2 1 i
0

Therefore, applying the Lebesgue Dominated Convergence Theorem we obtain
§
lim | (Ta(tn, —s) — TaA(ty —s))Lzs | ds = 0

n,m—o0 [n

Then, since the family {T4(t)}¢>0 is strongly continuous and ¢y, t,, — ¢~ when n,m — oo,

the sequence {z(t,)} is a Cauchy sequence and therefore there exists B € Z such that:

lim z(t,) = B.

n—aoQ

Now, for ¢t € [0,0) we obtain that

‘Z(t)_B‘ < ‘Z(t)_z(tn)’"’_‘z(tn)_B’
< | (Tat) = Taltn))zo0 | + | 2(tn) — B |
+ | /0 ' TA(tn, — s)Lzsds — /0 Ta(t — s)Lzsds |

But,
tn t tn
] / TA(t, — s)Lzsds — / TA(t — s)Lzsds | < / | (Ta(t —s) —Ta(ty, — s))Lzs | ds
0 0 0

in
+ / | Ta(t —s)Lzs | ds.
t
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On the other hand, for z € L?([—,6]) we get the following estimate:

tn 1)
/ | (Ta(t —s) —Ta(tn, — s))Lzs | ds < / | (Ta(t —s) — Ta(tn, — s))Lzs | ds
0 0

Therefore, applying the Lebesgue Dominated Convergence Theorem, we obtain
1)
lim | (Ta(t —s) —Ta(tn, —s))Lzs | = 0

n—-ao0 0

Then, since the family {T'4(t)}+>0 is strongly continuous and ¢,, — ¢~ when n — oo, it follows
that 2(t) — B ast — ™.

The function

Ta(s)B, s>9

belong to L%OC([é — 7,00), 7). So, if we apply again the contraction mapping Theorem to the
Cauchy problem

dz—f) = Ay(t)+ Ly, t>6
y(0) =B (38)
y(s) = z2(s), s€[d—T1,9)

where z(-) is the unique solution of the system (3.7), then we get that (3.8) admits only one
solution y(-) on the interval [§ — 7,6 + €] with € > 0. Therefore, the function

z(s); —T<s<9
Z(s) =
y(s), 0<s<d+te

is also mild solution of (3.7) which is a contradiction. So, § = co. 0

4 The Variation Constant Formula

Now we are ready to find the formula announced in the title of this paper for the system (2.4), but
first we need to write this system as an abstract ordinary differential equation in an appropriate
Hilbert space. In fact, we consider the Hilbert space May([—7,0]; Z) = Z & Lao([—7,0]; Z) with the

usual inerproduct given by:

((3):(3)) -
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Define the following operator in the space My for t > 0 by
o ) ( z(t) )
T(t = 4.1
© < o(.) 2t (4.1)
where z(+) is the only mild solution of the system (3.7).

Theorem 4.1 The family of operators {T'(t) }+>0 defined by (4.1) is an strongly continuous semi-
group on My such that

THOW = To(t)QuW, W €My, t=>0, (4.2)
n=1

P, 0

with (Py®)(s) = Pag(s), ¢ € L2([—7,0]; Z), s € [—7,0], and {{T,,(t) }r>0,n = 1,2,3,..} is a family
of strongly continuous semigroups on M = Q,My given in the same way as in Theorem 2.4.4

from [5] and defined as follows

wo(2) = () (2o

where W™ (-) is the unique solution of the initial value problem

where,

dw(t)
w(0) = wl (4.3)
w(s) = wy(s), se€[-1,0)

and L, = Lﬁn = P,L, as it is in most the case practical problems.

Proof of Theorem 4.1 First, we shall prove that

THOW = To(t)QuW, W €My, t>0.
n=1

In fact, let W = ( w1 > € M.
w2
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ng(t)QnW - iTn(t) ( 1;" gn > ( o )

z2(t+-)

- < 2(1) > ; z(+) the only mild solution of (3.7)

In the same way as in Theorem 2.4.4 of [5] we can prove that the infinitesimal generator of

{T},(t) }+>0 is given by:
— Ay Dwl + Lywy ()

A ( o ) - Dwn ()
Js

D(A,) = {< o) > e MY : wy is a.c., a“g;(') € Lo([—7,0]; QuZ) and w,(0) = wg} .
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Furthermore, the spectrum of A,, is discrete and given by
o(Ap) = op(Ayn) = {X € C : det(A,(N\)) = 0}, (4.4)
where A,,(\) is given by
ANz =Xz + A\Dz — Lpe*Vz, z€ Z,=P,Z,

which can be considered as a matrix since dim(Z,,) < oo.

On the other hand, {Q;,},>1 is a family of complete orthogonal projection on My and

AQrn = QuA,, n=1,2,3, ...

In fact,
—ApDPyu® + Ly Powy(+)
AQ<w2>—A<in2>—
0s
~A,DP,w® + LP, Pywy,(+) ~A,DP,w? + P, Lyw,(-)
- ~ dwn() B ~ dwn()
P,
P 0s 0s

—Aang + Lywy(+)

- ( ];n lgn ) aUéTn(-) = Qnhn ( wf%-) >

Now, we shall check condition (a) of Lemma 3.1, to this end we need to prove the following claim:

Claim. If W"(t) is the solution of (4.3), then the following inequalities hold:

W) llz < czeupll, ¢ 20, (4.5)

¢
L 1wz due < kel oo (46)
0
In fact, if we put My = max{M,|| L ||}, then we get:
t
| Wt +6) |z < Miljwy| +M12/ | Wi llz2 ds; 0 € [=7.,0],
0

this implies that

t 2
WG+ 0) I < (Mluw,%uwf /0 W e ds) .
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Next,
0 0 t 2
[ waroe < | <M1uw2u+M% [ ds) a6
-7 -7 0
0 t 2
< [ Mf||w2||2+Mf(/ W e ds) a6
-7 0
t 2 L0
= 22|l + M ( [z ds) | a0
0 -7
t 2
= Gl + 3 ( /0 W [ e ds)
t 2
< <c2uw2|| fo ( [z d))
0
So,

t
WP e < eallul] +er ( /0 W s ds)

Therefore, applying Gronwall’s lemma we obtain that
Wi 2 < exe [yl ¢ > 0.
On the other hand, we obtain the following estimate

t
IWh () Iz < || Ta, 0wl || + | /0 T (t — 8) Lo W™ (s + )ds |

t
< Myl + M3 /0 | Wr(s + )ds |
t
< Myl + M3 / 16 [l | ds
0
M1261 cot 0
= (a4 M et g
C2
M2
< el c= M + 1617 t>0.
2
Finally, we get
t
/ | W) 2 du < ke ulll, k=S, t>0.
0 C2

This completes the proof of the claim.
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Now, we will use the above inequalities:
w, 2 2 ’ 2
170 (4 )1 = 1w+ [ e 1 ar

—T

t
— W) G + / | W) [ du

t
< wre iz + ; W™ (w) 1% dut || wn |IZ:

< (C%EZCQt + k2€202t) ||w2‘|2+ ” Wy HZL2

< g®2 (lwnlP+ 1 wn 1172) . n>12....

Hence,

| Tn(t) < g(t), n>1,2,....

Therefore, applying Lemma 3.1, we obtain that 7'(t) is bounded and {T'(t)};>0 is a strongly

continuous semigroup on the Hilbert space M, whose generator A is given by
o0
AW =Y A, QuW, W e D(1),
n=1

with
D) = {W €M/ 3 1| M@ [[2< oo}
n=1
and the spectrum o(A) of A is given by

o(A) = | J o(Rn). (4.7)

n=1
where An = AnQn : R(Qn) - R(Qn) O
Lemma 4.2 Let A be the infinitesimal generator of the semi-group {T'(t)}+>0. Then

—Ap(0) + Lo(s)

99(s)
ds

D(A) = {< qzb(.) > €My :¢g € D(A), ¢ is a.c., € L*([-7,01;Z) and ¢(0) = o},

o(A) = D {Ne C : det(A,(N)) =0}

n=1
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Proof Consider ( sz(')) > in My. Then

AW:A< (230 > — iAnQnW

()
- (0 ) () -2 ()

~AyDP,$(0) + Ly Pod

T = OPo()
d(s)
— > AWDP(0) + LY Poo
n=1 n=1
0 [ =
—A¢(0) + Lo()
- 04()
Os
The other part of the lemma follows from (4.7) 0

Therefore, the systems (3.7) and (2.4) are equivalent to the following two systems of ordinary

di-fferential equations in Ml respectively:

dw(t)
pTa AW(t), t>0 43

W(0) =Wy = (¢0,¢())

AW (¢)
dt

W(0) =Wy = (¢0,9())
where A is the infinitesimal generator of the semigroup {7'(t)}:+>0 and ®(t) = (f°(¢),0).

— AW () + (1), t>0

The steps we have to arrive here allow us to conclude the proof of the main result of this work: The
Variation Constant Formula for Functional Partial Parabolic Equations. This result is presented

in the final Theorem of the this work.
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Theorem 4.3 The abstract Cauchy problem in the Hilbert space Mo

W _ \wi)+ o), >0
it
W) =W,

where A is the infinitesimal generator of the semigroup {T'(t)}>0 and ®(t) = (f°(¢),0) is a

function taking values in Ms, admits one and only one mild solution given by:
¢
W(t) =T(t)Wy+ / T(t —s)®(s)ds (4.10)
0

Corollary 4.4 If z(t) is a solution of (2.4), then the function W (t) := (2(t), z) is solution of
the equation (4.9)

5 Conclusion

As one can see, this work can be generalized to a broad class of functional reaction diffusion

equation in a Hilbert space Z of the form:

dz(tt) = Az(t) + Ly + F(t), t>0
2(0) = ¢o (5.1)
Z(S) = ¢(S), s € [_Tv 0)7
where A is given by
Az =) AnPnz,  z€ D(A), (5.2)

n=1
where L : L?([~7,0]; Z) — Z is linear and bounded F : [~7,00) — Z is a suitable function.
Some examples of this class are the following well known systems of partial differential equations

with delay:




Variation Constant Formula for Functional Partial Parabolic Equations

61

Example 5.1 The equation modeling the damped flexible beam:

02z 03z 03z
- = - — > <z<
521 (93;U+2a8t82a:+2(t T,x)+ f(t,z) t>0, 0<z<1
02z 02z
Z(t71) - Z(t70) _%(07t)_@(17t)_07

2(0,2) = ¢o(z),

| z(s,x) = ¢(s,x), %(s,w) =(s,z), se€[-71,0), 0<z<1

(5.3)

where a > 0, f : IRx[0,1] — IR is a smooth function, ¢o, 0o € L?[0,1] and ¢, € L?>([—,0]; L?[0,1]).

Example 5.2 The strongly damped wave equation with Dirichlet boundary conditions

82'11) 1/28_'11)

b _ _ — >
5 +n(=4) T +y(=A)w = Lw + f(t, ), t>0, ze,

w(t,x) =0, t>0, x €.

w(0,2) = dolw), T2(0,7) = pola), w €,
w(s,2) = 6(5,2), O(s,2) = ¥ls,2), s€[7,0), zeQ,

(5.4)

where Q is a sufficiently smooth bounded domain in RN, f : IR x Q — IR is a smooth function,
b0,0 € L*(Q) and ¢, € L*([—7,0]; L2(Q)) and T > 0 is the mazimum delay, which is supposed
to be finite. We assume that the operators L : L*([~7,0]; Z) — Z is linear and bounded and

Z = L*(Q).

Example 5.3 The thermoelastic plate equation with Dirichlet boundary conditions

02

8—;:+A2w+aA9:L1wt+f1(t>$) t>0, z€Q,
00 ow

ZBA0 — AT = L8 t > 9)
at ﬁ (e} 8t 2t+f2(7x) t_O, HANS )

f=w=Aw=0, t>0, x€d.

ow

5; (0.2) = vo(x), 0(0,2) =&(w) v €0,

w(0,2) = ¢o(z),

w(s,z) = ¢(s,x), %—?(s,w) =(s,z), 0(0,2) =¢(s,xz), s€[-7,0), z€,

(5.5)
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where Q) is a sufficiently smooth bounded domain in IR™ | f1, fo : IRXxQ — IR are smooth functions,
b0,%0,&0 € L*(Q) and ¢,1,& € L2([—7,0]; L*(Q)) and T > 0 is the mazimum delay, which is
supposed to be finite. We assume that the operators Ly, Ly : L?([—7,0]; Z) — Z are linear and
bounded and Z = L*(Q).
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