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ABSTRACT. A s i m p l e  p r o o f  o f  a  more  g e n e r a l  v e r s i o n  

o f  t h e  Or1  i c z  i n t e r p o l a t i o n  t h e o r e m  f o r  L i p s c h i t z  

o p e r a t o r s  i s  g i v e n  a l o n g  w i t h  some a p p l  i c a  t i o n s .  
6 

1. INTRODUCTION 

L e t  P )  b e  a  o - f i n i t e  m e a s u r e  s p a c e  a n d  l e t  $: [0, w) +@,a) 

be an O r l i c z  func t i on ,  i .e. ,  a  n o n d e c r e a s i  ng c o n t i n u o u s  c o n v e x  f u n c t i o n  

s u c h  t h a t  $ ( 0 )  = 0 .  

I f  S ( P )  i s  t h e  s p a c e  o f  a l l  r e a l - v a l u e d  m e a s u r a b l e  f u n c t i o n s  ( t w o  

P - a l m o s t  e v e r y w h e r e  e q u a l  f u n c t i o n s  a r e  t h e  same),  t h e n  t h e  

f u n c t i o n a l  I$:S(p) + D,=l d e f i n e d  b y  

i s  a  m o d u l a r  o n  S ( P ) .  The O r 1  i c z  s p a c e  L  = L & P )  = L B ( Q )  i s  t h e  
$ 

s p a c e  o f  a l l  x s S ( ~ )  f o r  w h i c h  I ( r x )  < f o r  some r >O, dependent 4 

The f u n c t i o n a l  

x e S ( u )  f o r  w h i c h  I$ ( r x )  

i n  L$ a n d  t h e  no rm ( 1 . 1  
1x1 ?. X n  J. 0  t h e n  1 lxn 

f o r  b r e v i t y ,  t h e  l e t t e r  

d e f i n e d  o n  t h e  w h o l e  o f  S ( u )  i s  a  no rm o n  L  The O r l i c z  c l a s s  4 
L: =L: ( u )  i s  t h e  s e t  o f  a l l  xeS(P)  f o r  w h i c h  I$ ( x )  T h i s  s e t  ii, 

i n  g e n e r a l ,  o n l y  c o n v e x .  The s p a c e  L: = L; ( P )  i s  t h e  s p a c e  o f  a l l  

< f o r  a n y  r > O .  T h i s  i s  a  c l o s e d  s u b s p a c e  

on $ i s  c o n t i n u o u s ,  i.e., if xe~: and 

I b + 0. I n  t h e  c a s e  when $ ( u )  = I? we w r i t e ,  

p  i n s t e a d  o f  4 .  



The f i r s t  i n t e r p o l  a t i o n  t h e o r e m  c o n s i d e r i n g  O r 1  i c z  s p a c e  ( n o t  

o n l y  L  s p a c e )  a s  i n t e r m e d i a t e  i s  due  t o  O r 1  i c z .  He p r o v e d  i n  El33 
P  

t h a t  a n y  s e p a r a b l e  O r l i c z  s p a c e  L  ( a , b )  i s  a n  i n t e r p o l a t i o n  s p a c e  
$ 

b e t w e e n  L,(a,b) a n d  Lm(a ,b )  f o r  1  i n e a r  o p e r a t o r s .  N e x t ,  i n 1 1 4 1  he  

p r o v e d  t h a t  a n y  O r l i c z  s p a c e  L  ( a , b )  i s  a n  i n t e r p o l a t i o n  s p a c e  
$ 

b e t w e e n .  L,(a,b) a n d  L,(a,b), e v e n  f o r  L i p s c h i t z  o p e r a t o r s .  I n  t h e  

p r e s e n t  p a p e r e w e  g i v e  a  g e n e r a l i z a t i o n  o f  t h e  t h e o r e m  o f  O r l i c z  

w i t h  a  s i m p l e  p r o o f  a n d  w i t h  some a p p l i c a t i o n s  t o  i n e q u a l i t i e s  r e l a t e d  

t o  rearranqement f unc t i ons .  

The n o n i  n c r e a s i n g  l e f t - c o n t i n u o u s  r e a r r a n g e m e n t  o f  x s S ( p )  i s  

t h e  f u n c t i o n  x* =x: : (O,m) + [0,3 de f ined  b y  

* 
x,,(t) = inf{A>O : dx(A) < t l  , 

w h e r e  d x ( A )  = p ( { t e Q  : ( x ( t )  1 > A ] )  a n d  i n f  The c o l l e c t i o n  o f  

a l l  x e ~ ( p )  f o r  w h i c h  d x ( A )  4 w i l l  b e  d e n o t e d  b y  S o ( p ) .  F o r  e v e r y  
x 6 S O ( p )  we h a v e  d x ( A )  + 0  a s  A + m  a n d  s o  x * ( t )  i s  f i n i t e  f o r  

a n y  t > O .  

The r e a r r a n g e m e n t  h a s  t h e  f o l l o w i n g  p r o p e r t i e s  ( c f .  [7]): 

( i )  O<xn - t x  i m p l i e s  x i ( t )  + x * ( t )  f o r  a l l  t > O .  

( i i )  O < x y  - i m p l i e s  x * ( t )  < y * ( t )  f o r  a l l  t > O .  

( i i i )  I f  m  d e n o t e s  t h e  L e b e s g u e  m e a s u r e ,  t h e n  

a n d  we s a y  t h a t  x  a n d  x *  a r e  e q u i m e a s u r a b l e  e v e n  t h o u g h  t h e y  a r e  

d e f i  ned  o n  d i f f e r e n t  m e a s u r e  s p a c e s .  M o r e o v e r ,  

( i v )  F o r  f u n c t i o n s  x  a n d  y i n  S ( P )  we h a v e  

It x*dm +f y*dm f o r  a l l  t > O .  
0 



We i n t r o d u c e  t h e  a - t r u n c a t i o n  (a'O) o f  f u n c t i o n  x  d e f i n e d  on Q b y  

~ ( ~ ) ( t )  = m i n  ( I  x ( t )  1 ,a)  s g n  x ( t ) .  

L e t  us n o t e  t h a t  f o r  f u n c t i o n s  x  a n d  y d e f i n e d  on Q we h a v e  

( 1 )  1 x W t 1  - Y ( a ) ( t ) l  - < i x ( t )  - y ( t ) l  f o r  a l l  t e n .  

The p a p e r  i s  d i v i d e d  i n t o  f o u r  s e c t i o n s .  I n  52 we g i v e  t w o  

p r o o f s  o f  t h e  i n t e r p o l a t i o n  t h e o r e m  f o r  a l m o s t  L i p s c h i t z  mappings. 

The m a i n  t h e o r e m s  a r e  p r o v e d  i n  53, i n c l u d i n g  t h e  p r o o f  d f  O r l i c z  

t h e o r e m .  A p p l i c a t i o n s  o f  t h e s e  r e s u l t s  t o  a v e r a g i n g  o p e r a t o r ,  

J e n s e n  i n e q u a l  i t y ,  H a r d y - L i  t t l  ewood P 6 l y a  t h e o r e m ,  Lorentz-Shimogaki 
v 

i n e q u a l i t y  and B r u d n y t  r e s u l t  a b o u t  m o d u l u s  o f  c o n t i n u i t y  o f  x  and 

x *  a r e  c o n s i d e r e d  i n  s e c t i o n  4 .  

2. INTERPOLATION OF SEMI-LIPSCHITZ OPERATORS 

I n  t h e  p r o o f  o f  t h e  f i r s t  t h e o r e m  we w i l l  n e e d  t h e  f o l l o w i n g  

1  emma . a b o u t  r e p r e s e n t a t i o n  o f  Or1  i c z  f u n c t i o n s .  

Lemma 1. . E v e r y  O r l i c z  f u n c t i o n  $ has a  r e p r e s e n t a t i o n  

w h e r e  p  i s  a  n o n d e c r e a s i  ng n o n n e g a t i v e  r i g h t - c o n t i n u o u s  f u n c t i o n  

on LO,..) a n d  a = p ( ~ + )  

P r o o f .  I t  i s  w e l l  known t h a t  e v e r y  O r l i c z  f u n c t i o n  $ c a n  b e  
U 

r e p r e s e n t e d  i n  t h e  f o r m  $ ( u )  = p(s)ds, where p  i s  the  r i g h t - d e r i v a t i v e  
0 

o f  $ .  By i n t e g r a t i o n  b y  p a r t s  we g e t  

L e t  us  now e x p l ' a i n  w i t h  some e x a m p l e s  how t o  i n t e r p r e t e  ( 2 )  w i t h  

d p ( s )  as t h e  measure :  



lo If .p = $ I  i s  a b s o l u t e l y  c o n t i n u o u s  t h e n  we have  a c c o r d i n g  - 

t o  Lemma 1 t h a t  $ ( u )  = au  + ( u - s ) ~  $ I 1 ( s ) d s .  N o t i c e  t h a t  i n  
'0 

[6] i t  i s  assumed t h e  e x i s t e n c e  o f  0 "  a n d  t h a t  i t  i s  l o c a l l y  

i n t e g r a b l e .  

2"  I f  $ ( u )  = 0  f o r  O L u L l  a n d  u - 1  f o r  u > l ,  t h e n  p ( s )  =O f o r  

O < s < l  - and  1 f o r  s > l ,  - a n d  f o r  u > l  we h a v e  

. 
3 " ,  I f  $ ( u )  = u f o r  O ~ u ~ l  and  u 2  f o r  u>1,  t h e n  p ( s ) = l  f o r  

O < s < l  - and  2s f o r  s > l ,  - and  f o r  u > l ,  we have  

I n  t h e  s e q u e l  t h e  s p a c e  (Q' ,I' , v )  w i l i  b e  a  a - f i n i  t e  measure  

space  

Theorem 1. L e t  T:L , (P )  + L,(P) + L l ( v )  + L,(v) b e  an  o p e r a t o r  

s u c h  t h a t  TO.=O and  

F i r s t  p r o o f .  By t a k i n g  T/M i n s t e a d  o f  T, i f  n e c e s s a r y ,  we may 

assume t h a t  M = l .  

F i r s t ,  we p r o v e  t h a t  i f  ( 4 )  h o l d s  a n d  M i s  1 t h e n  f o r  each  

xeL d P)+L,( P )  



I n  fact, if I T x ( t )  ( < a t h e n  ( 7 )  i s  o b v i o u s ;  i f  on t h e  o t h e r  hand  
< i t  f o l l o w s  t h a t  I T X ( ~ )  1 > a t h e n  s i n c e  X I  I 1 1  Il,-a. 

T ( x ) ( ~ )  < a v -a .e . .  Hence - 
I T X ( ~ )  - ( ~ x ) ( ~ ) ( t )  1 = )Tx( t ) -asgnTx( t )  1 = b ( t )  1 - a  

< ~ ~ x ( t )  1 -  l ~ ( x ( ~ ) ) ( t )  1 < ~ ~ x ( t ) - ~ ( x ( ~ ) ) ( t )  1 v-a.e. . - - 

Now, i f  X ~ L O ( P )  fl L , ( P )  t h e n  f r o m  t h e  r e p r e s e n t a t i o n  ( 2 )  o f  + 4 
a n d  t h e  F u b i n i  t h e o r e m  . 

U s i n g  p r o p e r t y  ( 7 )  o f  T  a n d  t h e  a s s u m p t i o n  ( 3 )  we have  

A g a i n ,  f r o m  t h e  F u b i n i  t h e o r e m  a n d  r e p r e s e n t a t i o n  ( 2 )  o f  + 

Hence Txel;(v) a n d  I + ( T x  

The s e c o n d  p a r t  o f  p r o o f  f o  

t h e  d e f i n i t i o n s  o f  L +  s p a c e  

) d ~  = I+ (x ) .  

< 1,0(1. - 
l o w s  i n m e d i a t e l y  f r o m  t h e  above  a n d  

a n d  I I 1 I+  norm.  



Second p r o o f  (when  v ( Q ' ) < u Q  - a n d  m o d u l o  some f a c t s  a b o u t  

r e a r r a n g e m e n t ) .  As i n  t h e  f i r s t  p r o o f ,  l e t  M=l. G i v e n  u>O, l e t  f o r  

x e L , ( u )  be  a = x * ( u )  a n d  x , = * ( ~ ) .  Then b y  p r o p e r t i e s  ( i v )  and ( i i i )  

o f  r e a r r a n g e m e n t  

U s i n g  a s s u m p t i o n s  ( 3 )  and  ( 4 )  o n  T, p r o p e r t y  ( i i i )  a g a i n  and  t h e  

f a c t  t h a t  d x ( a )  - < u  we g e t  

Hence, i f  xsL  , ( u )  t h e n  

Now, we p r o v e  t h a t  i f  ( 8 )  h o l d s  a n d  v ( Q 1 )  - < uQ t h e n  f o r  x e ~ i ( u )  n L , ( u )  

we h a v e  

I n  fac t ,  l e t  AS = {t>O : x i ( t ) > s j ,  Bs = {t>O : (~x);( t)>s) a n d  

as  = mAs, b S  = mBs . Then f r o m  p r o p e r t y  ( ii i ) o f  r e a r r a n g e m e n t ,  

r e p r e s e n t a t i o n  ( 2 )  o f  4 a n d  t h e  F u , b i n i  t h e o r e m  we h a v e  t h a t  



and  f r o m  t h e  a s s u m p t i o n  (8), 

B u t  now, i f  b S  - < a s  t h e n  

a n d  i f  b S  > a s  t h e n  

a n d  t > a s  i m p l i e s  x * ( t )  - < s ,  

Hence,  f r o m  t h e  a b o v e ,  F u b i n i  t h e o r e m ,  r e p r e s e n t a t i o n  ( 2 )  o f  $J 

a n d  p r o p e r t y  ( i i i )  we g e t  



I n  t h e  c a s e  when T  i s  a  l i n e a r  o p e r a t o r  a n d  $ ( u )  = u p  we h a v e  

a  s i m p l e  p r o o f  o f  t h e  p a r t i c u l a r  c a s e  o f  M .  R i e s z  i n t e r p o l a t i o n  

t h e o r e m ,  i . e . ,  f o r  1 p , = -  a n d  l < p < -  ( c f .  a l s o  [6] , w h e r e  i t  

i s  assumed t h a t  T  i s  a l s o  p o s i t i v e ) .  I n  t h e  n o n l i n e a r  c a s e  w i t h  

$ ( u )  = U P  t h e  a b o v e  t h e o r e m  f o l l o w s  a l s o  f r o m  L i o n s  [9] a n d  P e e t r e  

1 1 5 3 .  B r e z i s  a n d  S t r a u s s  [l] u s e d  i n  t h e  p r o o f  o f  Theorem 1 t h e  

a d d i t i o n a l  c o n d i t i o n  of T  being p o s i t i v e  . M o r e o v e r ,  t h e i r  t h e o r e m  

i s  f o r  c o n v e x  l o w e r  s e m i - c o n t i n u o u s  f u n c t i o n  $ o n  IR s u c h  t h a t  

m in$=$(O)=O.  I n  1 i t  i s  p r o v e d  t h a t  i f  b o t h  m e a s u r e  s p a c e s  a r e  

t h e  same a n d  e i t h e r  n o n a t o m i c  o r  c o u n t i n g  t h e n  ( 3 )  a n d  (43 w i t h  

M = l  i m p l y  ( 8 ) .  Then t h e  C a l  d e r 6 n - M i  t j a g i n  t h e o r e m  ( s e e  177 ,p. 1 0 5 )  ' 

and  t h e  f a c t  t h a t  O r l i c z  s p a c e  L @ ( P )  L 1 ( "  h a s  t h e  F a t o u  

p r o p e r t y  i m p l y  ( 6 ) .  

C o r o l l a r y  1. L e t  T:L ,+L,+L ,+L a .  b e  a  l i n e a r  o p e r a t o r  w h i c h  i s  

bounded  i n  L 1  a n d  L,. I f  e i t h e r  L 4  c ( L  1 + ~ , ) ~  o r  L  =L +L, h o l d  

w i t h  L  c (L,+L,)~, t h e n  T  i s  b o u n d e d  i n  L  
4 $ 0  

$0 0 -  

P r o o f .  F o r  any  xeL t h e  s e q u e n c e s  xn  = x l  i s  i n  L  n L  ,, 4~ A n  4~ 
w h e r e  A { Q  a n d  PA, < ( s u c h  a  s e q u e n c e s  o f  s e t s  e x i s t s  b e c a u s e  

P i s  a - f i n i t e ) .  I f  L  c (L,+L,)~ t h e n  1 l x - x n l  1 
4 

-+ 0  a n d  t h e  
L  ,+La 

boundedness  o f  T  i n  L  ,+La i m p l i e s  I ( ~ x - ~ x ~  1 ILl+L, + 0 .  

Thus Tx  + Tx P-a .e .  By F a t o u  bmma a n d  Theorem 1 we h a v e  
k  

I 1 ~ x 1  5 l i m i n f  I ITX I le < M l i m i n f  I ] x  1 i$ < MI 1x1 I,+. 
nk 

- 
nk 

- 
k+- k+- 

If L  =L +L, w i t h  L  c (L,+L,)~ t h e n  f r o m  t h e  a b o v e  T  i s  bounded  
4J $ 0  $ 0  

i n  L  . T h e r e f o r e  T, a s  ' l i n e a r  o p e r a t o r ,  i s  bounded  i n  L  +L,=L$. 
$0  $0 

It i s  na tu ra l  t o  ask: i s  i t  t r u e  t h a t  i f  Lg i s  an O r l i c z  space then e i t h e r  
L@ c ( L  o r  L  =L +L, w i t h  L g  c ( L  ,+L,)~?. We r e m a r k  t h a t  

40  o 
if PQ<- t h e n  L $  c L ,  = Lal a n d  if P i s  a  c o u n t i n g  m e a s u r e  t h e n  

e i t h e r  k g c  k t  = c o  o r  = A  = k l + k , w i t h  k l c c 0 .  
4  O0 



3 .  M A I N  THEOREMS 

Us ing  Theorem 1 and c o n s i d e r a t i o n s  f rom O r l i c z  paper  p4] we 

p r o v e  a more g e n e r a l  v e r s i o n  o f  O r l i c z  theorem abou t  i n t e r p o l a t i o n  

o f  L i p s c h i t z  o p e r a t o r s  i n  L, and L,. 

Theorem 2 .  L e t  T:  L , ( P )  +L,(P) -+ L , ( v )  + L m ( v )  be an o p e r a t o r  

F o r  a r b i t r a r y  x ,yeL, (~)  fi L ~ ( P )  we c o n s i d e r  t h e  t r u n c a t i o n s  

( k )  ! k )  x , y  . Then zk: = T ( X ( ~ ) ) - T ( ~ ( ~ ) )  conve rges  t o  Tx-Ty i n  t h e  

L , ( v )  - n o r m ,  because ( 3 )  and ) I  11,-norm i s  c o n t i n u o u s .  

Consequen t l y ,  t h e  same convergence  h o l d s  i n  t h e  measure v .  



T h e r e f o r e ,  f o r  a  p r o p e r t y  c h o s e n  s e q u e n c e  kn,  t h e  s e q u e n c e  zk  
(kn)  (kn)  n  

c o n v e r g e  v - a . e .  t o  T x - T y .  Then  xn: = x  and yn: = y  h a v e  

t h e  f o l l o w i n g  p r o p e r t y  

( 1 0 )  xn,yn 6 L, (P )  fl L,(P), I xn-~,  1 ' 1 x - ~  ( P-a .e. and Txn-Tyn -+ Tx-Ty v-a .e .  

Now, b y  ( l o ) ,  F a t o u  p r o p e r t y  o f  t h e  n o r m  a n d  ( 9 )  we g e t  

I ( T X - T ~ (  I +  5 l i m i n f  1 I 
n - m  

C o r o l  l a r y  2. ( O r 1  i c z  t h e o r e m ) ,  

L i p s c h i t z  o p e r a t o r  i n  Ll(O,l) a n d  L,(0,1) t h e  T  i s  a l s o  L i p s c h i t z  

i n  LO(O,l). 

C o r o l l a r y  3 .  I f  t h e  o p e r a t o r  T:L,(P) n L,(P) -+ L,(v) n L,(v) 
s a t i s f y  ( 3 )  and ( 4 ' )  f o r  x,y e L,(P) A L,(P) t h e n  ( 6 ' )  h o l d s  f o r  

X,Y e  LAPI  n L,(P). 

C o r o l l a r y  3 w i t h  a d d i t i o n a l  a s s u m p t i o n  t h a t  L,(F() (\ L,(P) i s  dense 

i n  b o t h  L + ( P )  a n d  L,(P) ( t h i s  means t h a t  P*- and L+ =L:) i s  a  

p a r t i c u l a r  c a s e  o f  a  g e n e r a l  t h e o r e m  o f  B r o w d e r  [2]. 

Remark 1. If PQ=" a n d  f o r  a r b i t r a r y  x ,ye  L  ( P ) ,  i t  i s  
0 

p o s s i b l e  t o  c o n s t r u c t  s e q u e n c e s  xn,yn w i t h  p r o p e r t i e s  (1 t h e n  
is  

it%sy t o  s e e  t h a t  ( 6 ' )  h o l d s  e v e n  f o r  x ,y  e L + ( P ) .  On t h e  o t h e r  

hand ,  i f  pQ=w a n d  L + ( P )  L , ( P )  i s  d e n s e  i n  L  ( P )  t h e n ,  b y  + 
c o n t i n u i t y ,  ( 6 ' )  h o l d s  a l s o  f o r  x ,y  6 L + ( v ) .  

We p r o v e  now t h a t  d e n s i t y  o f  L+ n L ,  i n  L  i s  e q u i v a l e n t  t o  
0 

c o n d i t i o n  6, f o r  s m a l l  u  o f  4 .  

P r o p o s i t i o n  1. L e t  P b e  a  a - f i n i t e  m e a s u r e  a n d  PQ=w. Assume 

t h a t  Q c o n t a i n s  a  n o n a t o m i c  p a r t  o f  i n f i n i t e  m e a s u r e  o r  t h e r e  
00 

a r e  a toms  s u c h  t h a t  O < i n f M n  2 supMn < . Then  t h e  
n  n  

f o l l o w i n g  c o n d i t i o n s  a r e  e q u i v a l e n t :  



( c )  9  s a t i s f i e s  c o n d i t i o n  8 ,  : l i m s u p  9 1 2 ~ )  

u+o+ ' "- 

P r o o f .  L e t  u s  p r o v e  t h a t  ( a )  i m p l i e s  ( b ) .  

I f  O<xeLg n L, t h e n  f r o m  t h e  ass*tion t h e r e  i s  a  s e q u e n c e  

OLxns L 9  17 L, such t h a t  1 l x -x  1 1  + 0. L e t  yn =min(xn,l 1x1 I_). Then n  9  

y n  f L ,  n L m  and  

Now, l e t  xeL9  a n d  r>O b e  s u c h  t h a t  I ( r x )  <,. 
9  

I f  A n  = { t e n  : rlx(t) 1 > n - ' }  t h e n  

f o r  a n y  n a t u r a l  number  n .  Hence vAn a n d  s o  x l A  e  L 9 n  L,. 
n  

On t h e  o t h e r  hand ,  t h e r e  i s  a  s e q u e n c e  (5,) o f  s i m p l e  f u n c t i o n s  

s u c h  t h a t  s n  + x .  O f  c o u r s e ,  s n  e L 9 n  L,.  Then  p u t t i n g  

- 
'n - ' n l n A n  + x l A  n 

We h a v e  t h a t  x, e L6 n L,. M o r e o v e r ,  x l  - s  1 
?\A, n  L\An + 0,  

x -x lA  = x 1 m n  + 0  and x l  e L9 Q L, = L9  a f l  L,. T h e r e f o r e  
n  

I Ix-xn l  19 2 1 l(x-~n)ln\An 119 + 1 I x - ~ l A  I 19 ' 0  
n  

as  n+". T h i s  p r o v e s  t h a t  ( b )  i m p l i e s  ( a ) .  

L e t  u s  p r o v e  t h e .  e q u i v a l e n c e  o f  ( b )  a n d  ( c ) .  

Assume t h a t  l i m s u p  9 ( 2 n )  = ~ e t  (x,) e \ e a  if P i s  
u  + @ w 9  9 '  



n o n a t o m i c  t h e n  t h e r e  a r e  p a i r w i s r  d i s j o i n t  s e t s  Bn s u c h  t h a t  pBn=1 

f o r  each  n a t u r a l  number  n .  L e t  
m 

x  = 1 x  1 ( c o n v e r g e n c e  i n  P ) .  
n = l  B n  

Then x e  L 9  0 L,\(L; L )  . I n  t h e  s e c o n d  c a s e ,  l e t  

x  = I x  1 ( c o n v e r g e n c e  i n  P ) ,  
n = l  A n  

t h e n  a l s o  xeL9  fl L,\(L~ n L,) . T h a t  i s ,  ( b )  imp1  i e s  ( c ) .  *The l a s t  
9  

i m p l i c a t i o n  w h i c h  we should p r o v e  i s  t h a t  ( c )  i m p l i e s  ( b ) .  L e t  

xeL9 n L, a n d  1 9 ( r x )  < f o r  some r>O.  P u t  

Then c n  < a ( b e c a u s e  $I s a t i s f i e s  6, c o n d i t i o n )  a n d  

i.e., r x e ~ ~  a n d  so  x e ~ ~  n L,. 
9  9  

I t  may n o t  b e  s i m p l e  t o  c h e c k  d i r e c t l y  w h e t h e r  a n  o p e r a t o r  i s  

n o n e x p a n s i v e  i n  L  T h e n  t h e  f o l l o w i n g  r e s u l  t may b e  u s e f u l  : 
9  

C o r o l l a r y  4 .  I f  T :  L,(P)+L,(P) + L , ( P )  +L,(P) i s  n o n e x p a n s i v e  

i n  L , (P )  a n d  L,(P), t h e n  T  i s  n o n e x p a n s i v e  i n  L  ( P )  p r o v i d e d  t h a t  
9  

o r  P i s  s u c h  a s  i n  P r o p o s i t i o n  1 a n d  9  s a t i s f i e s  c o n d i t i o n  
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Remark 2 .  I f  a n  o p e r a t o r  T  i s  s u c h  as  i n  Theorem 2 t h e n ,  w i t h  
Tx T  t h e  same p r o o f ,  I+(+) 1 9 ( x - y )  f o r  x,y e L , (P )  s u c h  t h a t  

X -~BL ; (P ) .  N o t i c e  t h a t  i n  [I], t h i s  i s  p r o v e d  w i t h  t h e  a d d i t i o n a l  

a s s u m p t i o n  t h a t  T  b e  p o s i t i v e .  M o r e o v e r ,  i f  f o r  t h e  s p a c e  X t h e  

i n c l u s i o n s  L 1 ( ~ ) + L m ( ~ ) c X c S ( ~ )  hold, and f o r  any x,yeX i t i s  p o s s i b l e  . 
t o  c o n s t r u c t  s e q u e n c e s  x n  ,yn w i t h  p r o p e r t y  ( 1 0 )  t h e n  



( 1 1 )  
Tx T  

I$ (-+Y 2 I &x-y) f o r  x,yeX. 

I f  we assume a  l i t t l e  more a b o u t  o p e r a t o r  t h a n  i n  Theorem I, 
o r  Theorem 2 t h e n  t h e  p r o o f  w i l l  be  s i m p l e r .  

Theorem 3 .  L e t  L 1 ( u )  + L , ( P ) ~ X ~ S ( P )  and l e t  T:X + S ( v )  be  

a  p o s i t i v e  m o n o t o n i c  C - s u b l i n e a r  o p e r a t o r ,  i . e . ,  f o r  any x,ysX 

and 

( 4  

t h e n  

(5') 

and 

(6) 

P r o o f .  L e t  (*( v )  = sup (uv-((u)) and 4-' ( v )  = inf{u>O:((u)>v}. 
u>o - 

t h e n  4 * * = , ( 1 ( u ) ) u  a n d b y Y o u n g i n e q u a l i t y  . 

T h e r e f o r e ,  f o r  any v  > 0, 



a n d  f r o m  ( 1 2 )  

Then  f r o m  ( 4 )  we g e t  

T $ (  x ~ . ) + M v  
T ( I X I ) ~ C  *!I v - a  .e .  

0 ( 4  

U + V  L e t  u s  n o t e  t h a t  $ * - ' ( u )  = i n f  ; i f  4 '  i s  a n  i n c r e a s i n g  
v > O $  ( v )  . 

f u n c t i o n  t h e n  t h i s  f o l l o w s  f r o m  t h e  f a c t  t h a t  f o r  v  = $ ' ( u )  we 

h a v e  u+v  = $ - ' ( u )  $* - I  ( v )  - e q u a l i t y  i n  t h e  Young t h e o r e m .  F o r  

t h e  g e n e r a l  c a s e -  s e e  [12], Lemma 2 .  

Thus  

~ ( 1 x 1 )  - < C M ~ * * - ' ( T ~ ( ~ X ~ ) / M )  = C M $ - ' ( T $ ( ~ X I ) / M ) .  

a n d  ( 1 3 )  h o l d s .  The  p r o o f  o f  t h e  n e x t  p a r t  f o l l o w s  i n m e d i a t e l y  

' f r o m  ( 1 3 )  a n d  t h e  a s s u m p t i o n  ( 3 ' ) .  

C o r o l l a r y  5 .  P o s i t i v e  a n d  m o n o t o n i c  s u b l i n e a r  L,-Lm 

c o n t r a c t i o n s  a r e  a l s o  c o n t r a c t i o n s  i n  O r l i c z  s p a c e s  L  
Thi  4 

m r 8 1 1 a r y  h o l d s  a l s o  f o r  p o s i t i v e  and  l i n e a r  c o n t r a c t i o n s .  We 

w i s h  t o  p o i n t  o u t  t h a t  t h i s  r e s u l t  g e n e r a l i z e s  t h e  corresponding 

r e s u l t  i n  [8] f o r  l i n e a r  p o s i t i v e  c g r a c t i o n s  o n  L  s p a c e s .  
P 

4 .  APPLICATIONS 

We now c o n s i d e r  some a p p l i c a t i o n s  o f  t h e  r e s u l t s  o f  t h e  l a s t  

s e c t i o n .  

a )  A v e r a g i n g  o p e r a t o r  a n d  J e n s e n  i n e q u a l i t y  

L e t  A = ( A n )  b e  a  f i n i t e  o r  c o u n t a b l e  d i s j o i n t  c o l l e c t i o n  o f  

a  m e a s u r a b l e  s e t s  o f  n w i t h  0 <An<=.  D e f i n e  t h e  a v e r a g i n g  

o p e r a t o r  PA:Ll ( P )  + L - ( P I  + L1 ( P )  + L-(P ) b y  



Then PA i s  a  l i n e a r  p o s i t i v e  o p e r a t o r  b o u n d e d  i n  ~ ~ ( p )  a n d  i n  

L  ( p )  w i t h  t h e  r e s p e c t i v e  no rms  e q u a l  t o  one .  Hence f r o m  Theorem 3 
a, 

@ ( p A ( I x I ) )  2 p A ( 4 (  1 x 1 ) )  ' - a x .  

and,  i n  p a r t i c u l a r ,  we h a v e  t h e  f o l l o w i n g :  

Theorem A ( J e n s e n  i n e q u a l i t y ) .  I f  O<pA<- t h e n  

M o r e o v e r ,  PA i s  b o u n d e d  i n  L  ( p )  a n d  h a s  no rm e q u a l  t o  o n e .  
4  

b )  I n e q u a l i t i e s  w i t h  r e a r r a n g e m e n t  f u n c t i o n  

L e t  T  : S o ( p )  -+ So(O,-) b e  d e f i n e d  b y  T x = x * .  Then f r o m  
P 

p r o p e r t y  ( i i i )  o f  r e a r r a n g e m e n t  1; T x ( t ) d t  = In l x l d p .  We p r o v e  

now t h a t  T  i s  a  n o n e x p a n s i v e  map f r o m  L l ( p )  i n t o  L1(O,m) and  

f r o m  L  ( p )  i n t o  L  (0 ,m) .  
m a, 

I f  x , y e L , ( d  t h e n  



L e t  u  

seque  

and  

e x i s t s  

s  n o t e  t h a t  f o r  x , y6S0(p )  i t  i s  p o s s i b l e  t o  c o n s t r u c t  

nceS xn,Yn w i t h  p r o p e r t y  ( 1 0 ) .  I n  f a c t ,  l e t  xn=x ( d l  
A n  

Y  n  
=Y(n))lA , w h e r e  An 3 n  and  'An < - ( s u c h  a  sequence  of sets 

n  
because p i s  u f i n i t e ) .  Then xn,ync Ll(p) n LJp) and from property  (1 )  

o f  t r unca t i on  and proper ty  ( i  ) of rrarrangdment we g e t  18,-ynl 5 I xin)-y(n))Jr\x-y) 

and xE-y: + x*-y* a.e. . 
From the above and remark 2 we have 

Theorem 8 .  F o r  e a c h  O r l i c z  f u n c t i o n  4  a n d  f o r  a n y  x , yeS0(p )  

T h i s  i n e q u a l i t y  i s  p r o v e d  i n  [3] f o r  t h e  c a s e  L  ( 0 , l )  and  i n  [4] 
P  

f o r  t h e  c a s e  when n = mn w i t h  L e b e s g u e  measure .  L e t  u s  n o t e  t h a t  

i n  [41 t h i s  i n e q u a l i t y  i s  assumed t o  h o l d  f o r  X,~~S(IR") . T h i s  
Q 

i s  a  m i s u n & 6 s t a n d i n g  b e c a u s e  i f  x,yeS\So, t h e n  x * = ~ * = -  and  t h e  

l e f t  s i d e  o f  i n e q u a l i t y  i s  n o t  d e f i n e d .  

Theorem C ( H a r d y ,  L i t t l e w o o d  a n d  P d l y a ) .  L e t  x,yeLl ( p )  + L  a ( p ) .  
* 

Then y ( s )  ds f o r  any O<u<pn i f  and  o n l y  i f  

1 4 ( x )  5 1 4 ( y )  f o r  a n y  O r l i c z  f u n c t i o n  4 .  

The p r o o f  t h a t  t h e  i n e q u a l i t y  w i t h  r e a r r a n g e m e n t  f u n c t i o n s  

i m p l i e s  t h a t  f o r  I i s  t h e  same a s  t h e  s e c o n d  p r o o f  o f  t h e  
4  

Theorem 1. On t h e  o t h e r  hand,  i f  1 4 ( x )  5 I ( y )  f o r  a n y  O r l i c z  
4  

f u n c t i o n  t h e n  x - t  1 ( I y l  - t ) +  d ~  fo r  a n y  t > 0, b e c a u s e  b n 
+ t ( ~ )  = ( u - t ) +  i s  an  O r l i c z  f u n c t i o n .  

L e t  Ocucpn a n d  t = y * ( u ) .  Then 



a n d  t h e  p r o o f  i s  c o m p l e t e .  

From t h e o r e m s  B  a n d  C i t  f o l l o w s  e a s i l y  t h e  f o l l o w i n g  

Theorem D ( L o r e n t z - S h i m o g a k i  i n e q u a l i t y  [ l o ] ) .  I f  . 
x,yeLl (p  ) + L w ( p  ) , t h e n  f o r  O<u<pQ 

c) M o d u l u s  o f  c o n t i n u i t y  o f  e q u i m e a s u r a b l e  f u n c t i o n s  

L e t  u s  now c o n f i n e  o u r  a t t e n t i o n  t o  p e r i o d i c  f u n c t i o n s  o n  [0,1] 

w i t h  p e r i o d  1. G i v e n  a n  xeL ( 0 , 1 ) ,  t h e  e x p r e s s i o n  
4 

i s  c a l l e d  t h e  i n t e g r a l  m o d u l u s  o f  c o n t i n u i t y ,  i n  L  o f  x .  U s i n g  
4 ' 

~ r u d n y r  r e s u l t  i n  3 f o r  L  ( 0 . 1 )  s p a c e s  a n d  O r l i c z  t h e o r e m  we 
P  

p r o v e  t h e  f o l l  o w i n g  i n e q u a l  i t y  

Theorem E ( ~ r u d n y y  i n e q u a l  i t y ) .  I f  xeL ( 0 . 1 )  t h e n  
4 

P r o o f .  Theo rem B ( o r  O r l i c z  t h e o r e m ,  i . e .  t h e  s p e c i a l  c a s e  

o f  o u r  Theo rem 2 )  i m p l i e s  t h a t  o p e r a t o r  T:Ll (0',1) + L 1  ( 0 , l )  

d e f i n e d  b y  T X = X *  i s  n o n e x p a n s i v e  i n  L  ( 0 , l ) .  4 

P e l y a  - s z e g 6  i n e q u a l i t y  means t h a t  I ~ ( T X ) ' ]  I < I I x '  1 f o r  
4 - 



Now, l e t  u s  c o n s i d e r ,  f o r  x e L  a n d  t > O ,  t h e  S t e k l o v  a v e r a g e  
4 

f u n c t i o n  

Then 

8 

xt eL and , 
Hence 

T h i s  p r o v e s  t h e  t h e o r e m .  

A c k n o w l e d g e m e n t s  Some r e s u l t s  o f  t h i s  p a p e r  w e r e  p r e s e n t e d  

i n  1979  a t  t h e  P r o f e s s o r  W .  O r l i c z '  s e m i n a r .  The f i n a l  v e r s i o n  

o f  t h i s  p a p e r  was w r i t t e n  a t  t h e  D e p a r t m e n t  o f  M a t h e m a t i c s  o f  

t h e  C e n t r a l  U n i v e r s i t y  o f  V e n e z u e l a  i n  J a n u a r y - A p r i l  1 9 8 8 .  The 

a u t h o r  i s  i n d e b t e d  t o  t h e  D e p a r t m e n t  f o r  i t s  h o s p i t a - l i t y  and  

t o  t h e  U n i v e r s i t y  f o r  i t s  f i n a n c i a l  s u p p o r t .  The a u t h o r  i s  a l s o  

g r a t e f u l  t o  D o c t o r  W .  Wnuk f o r  t h e  p r o o f  o f  P r o p o s i t i o n  1 a n d  

t o  P r o f e s s o r  C .  E. F i n o 1  f o r  t h e  d i s c u s s i o n s  h e  h a d  w i t h  h i m .  
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