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Abstract

An attempt has been made to introduce certain new subclasses of analytic function bounds
by some differential operator also define in the space of analytic functions. We study and
investigate various inclusion properties of these classes. Some interesting applications of
integral operators are also considered.
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1 Introduction and Preliminaries

Let A denote the class of analytic functions of the form f(z) = z+ > a,2", in the open unit
n=2
disk U = {z : |z| < 1} normalized by f(0) = f/(0) — 1 = 0.

For f € A and «, 3, u, A > 0, author (cf.,[1, 2, 13|) introduced the following differential operator:

o DY, B,p)f(2) = 2+ Yo, (NG g, on.

Operator DY (o, 8, it) f(2) is the generalized form of the following operators:

L. D¥(e,0,p) f(2) = D™ f(2) (see [3]);
2. DY(a,1,0)f(2) = D"f(2) (see [4]);
3. DY(1,0,0)f(2) = D" f(2) (see [5]);
4. D}(1,0,0)f(z) = D"f(2) (see [6]);

5. D}(1,1,0)f(z) = D"f(z) (see [7]);
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6. DY (e, 1,0)f(2) = D" f(2) (see [8]).
Moreover we define a new integral operator as follows:

Coa, B, i, N f(2) = f(2):
O, B, N f(2) = 2P -G / (5 ()

A
C (0, B, 1 NS () = jjle‘(?ﬁf) | EE T N (0t
a+ﬁ

(e, B, 1, N f(2) = z+Z

C™(a, B, i1, \) generalized some well know differential operators such that
L. B?(la 1,0, 1)f(Z) - Iaf('z) =2z+ ZTC;O:Q (%H)O‘anzn (See [9])7
2. ET(l, 0,0,\)f(z) =1, f(2) = 2z + Yo, (l + A(n — 1))_manz”(see [10]);
3. C9(1,1,0,1)f(2) = I9f(2) = 2 + Yo, (%H)aanz" (see [11]);
4. CP(1,0,0, 1) f(2) = IMf(2) = 24+ 3005 (n) " anz", (see [12]).

Definition 1.1 Let f € A is said to belong to the class M («, 3, i, A, 9) if it satisfy the following

analytic criterion
o 2800 NI )
Cm(a, B, 1, A) f(2)

) >0, 0<d<1.

Definition 1.2 Let f € A is said to belong to the class N(«, 3, u, A, d) if it satisfy the following

analytic criterion

(G 8.0 N F(2)')

(Um(a,ﬁ,,u,’ )\)f(Z))/ ) >0, 0<d<1l

2 Characterization properties

Theorem 2.1 If an analytic function f € A satisfy the following inequality

- Ol‘i‘ﬂ m
7;(”_5)(04+(N+)\)(”—1)+ﬂ> \an!§1—57 035<1’ (2)

then f € M(«, 3, 1, A, ).
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Theorem 2.2 If an analytic function f € A satisfy the following inequality

Zn(n—5)<a+(ﬂ+a)\;:f_1)+ﬂ>m|an|§1—5, 0<s<1, 3)

n=2
then f € N(«, 3,1, \,9).
Proof Let f € M(«, 3, 1, A, d) implies

2(C™ (e, B, 1, N) f(2))
C(a, B, 1, M) f(2)

Since we know that R(w) > a < |1 — a + w| > |1 + a — w|. Therefore

R( ) >0, (see Definition 1.1).

)

‘(1—5)(3’”(@,5,#,A)f(Z))JrZ(Um(a,ﬁ,u, NF()

> ‘(Hé)(ﬂm(a,ﬁ,u, A F(2) == (0, By i N F(2))’

or

a+p
at+(p+AN(n—-1)+p

a+p
a+(p+AN)n-1)+p

n

— > (.

5z+§:<1_n+5)(

n=2

)" anz" )" anz

‘(2—6)z+i(1+n—5)(

n=2

Hence after doing some mathematics we have

(e 9]

a+p

2 =)o ep) el <229,
rg(n_é)(a“‘(,u-l-)\)(n—l)_ﬁ_ﬂ) lan| < (1 —94).

This result is sharp with extremal function f given by

z) =2z 3 (1-9) 2"
f( ) +;(n_5)( a+p )m

at+(p+A)(n—1)+8

Corollary 2.3 If an analytic function f € A belonging to the class M («, 3, u, A, 0) then
(1-9)

|an| < n > 2.

)

a+p m
(n = )G nn-1+5)

Similarly we proved Theorem 2.2.
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3 Growth and Distortion Theorems

Theorem 3.1 If an analytic function f belonging to the class M(«, 3, u, A, §) then we have

(1—6)(a+u+)\+ﬁ (1—5)(a—|—u—|—)\—|—ﬁ
(2 —9) a+p (2-9) a+f

2| = )"z < |f(2)] < J2| + )™ 21

Theorem 3.2 If an analytic function f belonging to the class N(«, 3, 1, A, d) then we have

(1) (a+u+)\+ﬁ (1-6) (a+u+)\+ﬁ
2(2-19) a+ 3 2(2—-9) a+f

2| = ) 2 < f(2)] < J2l + T

Theorem 3.3 If an analytic function f belonging to the class M(«, 3, i1, A, §) then we have

2(1—5)(a+u+/\+ﬂ 2(1—6)(a+u+)\+ﬁ
(2-19) a+pf (2-19) a+ 3

1- e < (@) < 1+ )" zl.

Theorem 3.4 If an analytic function f belonging to the class N(«, 3, i, A, d) then we have

(1—5)(04—1-,u+)\+/5 (1—5)(a+u+)\+ﬁ
(2-19) a+p 2(2—0) a+ 3

1- "2 < f ()l <14 E

Theorem 3.5 If an analytic function f belonging to the class M («, 3, u, A, d) then we have

(1-9) (1-9)
(2-9) (2-9)

2| = |2 < |£(2)] < |2] + 2.

Theorem 3.6 If an analytic function f belonging to the class N(«, 3, i, A, d) then we have

(1-9) (1-0)
2(2 - 0) 2(2 - 9)

2| = |2 < |£(2)] < |2] + 2.

Proof Let f € M(«, 3, 11, A, d) then

[o8) C¥+B m
Zm—a)(wwﬂ)m_l)w) ] <13,

n=2

therefore

a_|_ﬁ m X o a_|_ﬂ m
(2_5)<a+(u+/\)+ﬁ> nz;a"’Sg(n_5)(a+(u+/\)(n—1)+ﬁ) [an] <1 =0,

implies

[e.9]

a+p m
Q-0 g Xlmlst-e
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Since
(o)
F < 2+ lanllzl,
n=2

hence we get

< .
< e+ g A
Similarly we proved that
1-0) a+pu+A+08,
NGRS = a2

(2—5)( a+ 3

Similarly we proved the remaining the Theorems.
4 Extreme Points

Theorem 4.1 If fi(z) = z and fi(z) = 2z + (liﬁ —z' where i = 2,3,4,---. Then
(=) (GFmrnm=—n¥s)
[ € M(o, B, 11, A, 0) if and only if it can be expressed in the form f(z) = > o2, Aifi(z) where

Ai >0and Y ;2 A\ =1

Theorem 4.2 If fi(z) = z and fi(z) = z + (1‘2)% 2" where i = 2,3,4,---. Then
(=) (GG i—n)"
f € N(a,(, 1, A, 0) if and only if it can be expressed in the form f(z) = > 72, A\ifi(z) where

)\i > 0 and Z?il >\i =1.

Proof Let -
Fz) =) Nifi(2)
i=1
implies
f(2) =Xz + ) Aifi(z)
i=2
or

(1-9)

+8 m
) G+

2,

f(z):)\lz+§)\i(z+ s

F2) = Az + 30 + A 0=
i=2 = (n- 5)(m)

= = (1-9) ,
z) = Ni(z i z
CEDRICEDY T ——

ptA) (n—1)+p




A Study of Certain New Subclasses defined in the Space of Analytic Functions 157

or
. (1-9)
flz)=z2+) Xl - z").
; (n = 0) g™

By using Theorem 2.1 we get

> (1—146) a+p e
>\i n—20 = )\11*(5 1-6
2 N — L RSV S VR 2A(1=8)<(-9)

implies f € M(a,,pu, A\, 0). Conversely we suppose that f € M(a, 3, u, A,0) then by using
Corollary 2.3 we have

au] < k) )
(n—é)(WM)m
we consider
Ai = - 5)(Wm)mai, n>2

(1-9)
then f(z) =Y .2, \ifi(2). Hence proved. Similarly we proved the second theorem.

95 Integral Means Inequalities

For any two functions f and g analytic in U, f is said to be subordinate to g in U denoted by
f =< g if there exists an analytic function w defined U satisfying w(0) = 0 and |w(z)| < 1 such
that f(z) = g(w(z)), z € U.

In particular, if the function g is univalent in U, the above subordination is equivalent to f(0) =

9(0) and f(U) C g(U). In 1925, Littlewood proved the following Subordination Theorem.

Theorem 5.1 If f and g are any two functions, analytic in U with f < ¢ then for g > 0 and
z=re (0<r<1)

2m 2w
/0 f(z)!“des/o lg(2)|+db.

Theorem 5.2 Let f € M(«, 3,1, A\, ) and fi be defined by

a+f m
(n = ) Ggrneo+s)" .

fu(z) =2+ =) 2", n>2.
If there exists an analytic function w(z) given by
1-9 -
[w(z)" ! = ( al 5 > anz"!

(n = )G n=n+) ™ n2
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then for z = re?? and 0 < r < 1

2w ) 2 A
/ |f(rei?)|1do < / | fu (1) | d8.
0 0

Theorem 5.3 Let f € N(«, 3,14, A,0) and f, be defined by

nin — ) (——9tB _____ym
[ p—— )(ﬁﬁg)ﬂnw) S

If there exists an analytic function w(z) given by

] (1-0) =
[w(z)" " = - > "
n(n = ) (rGrn )" s

then for z = re? and 0 < r < 1

27 . 2 )
/ | f(re?)|1do < / | fr(re®)|1do.
0 0

Proof Since

2 ) 2 )
/ |F(re®)|rdb < / Fu(rei®) e,
0 0

implies
o o0 o (n—0)(=— B ym
n nLdH < a+(p+A) (n—1)+p nqp
/0 |z+nz::2az _/0 |z + 1-0) 2"|Hdb,
it is true only if
> (n = 8) (arrmn=n)™
1 . n—1 1 at+(p+A)(n—1)+8 n—1
+ HZ:;a z <1+ (1—9) z
We consider 5
> n— (n— 5)(a+ +C>M\ n—1 +B)m n—
I Ay e
n=2
implies
1 _ oo
[w(z)]""! = ( Ci)ﬁ — > !

(n =) Gy )" nms

implies w(0) = 0 and

(1 B 5) - n—1
- S lanll=
(n— 5)(a+(,u+)\)(n—1)+ﬁ) n=2

-

Hence by using Theorem 2.1 we have |[w(z)]*"!| < 1 as required. Similarly we proved theorem

5.3.
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6 Hadamard Product

Theorem 6.1 Let f,g € M(a, 3, p, A\, ) where f(2) = z+ > an2™ and g(z) = 2+ >_ b,2" then
n=2 n=2

f*g S M(a7ﬂ7u))‘76)'

Theorem 6.2 Let f,g € N(a, 3, u, A, 0) where f(2) = z+ > a,2" and g(z) = z+ > by2" then
n=2 n=2

f*g€ N(a,B,u,\,0).

Proof Since f,g € M(a, 3, p, A, §) therefore by using Theorem 2.1 we have

e e}

a—+p m
;(n_6)<a+(u+>\)(n—l)+ﬁ> lan| <1 -6,
and N
a+ 0 m
;(n5)<a+(u+>\)(n—l)+ﬁ) b <1 0.

Because we know that

> Ot—l-ﬂ m ° a+ 3 m
> n=0)(~ PESY Y 15) Pallanl < > tn=0) (5 TESY ey +5) lal <10

n=2 n=2
implies
-6 bn ) S 1_57
nz_;(“ )<a—|—(,u+)\)(n—1)+ﬂ> [Bnlan|

again by using Theorem 2.1 we conclude that f g € N(«, 3,1, A, ). Similarly we proved the

second theorem .
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