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Abstract

For analytic function f in the open unit disc U, a linear operator defined by lambda
function is introduced. The object of the present paper is to discuss some properties for
I, s f(2) belonging to some classes by applying Jack’s lemma.
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1 Introduction and preliminaries

Let A denote the class of all analytic functions f of the form

o0
f(z) = z+2anz” (1)
n=2
which are analytic in the open unit disk U = {z € C': |z| < 1}.

Let us recall lambda function (4) defined by

[e.9] n

Az, s) = nz_:ow

(z€U;se C, when, |z| <1; R(s) > 1, when, |z| =1),

and let (=Y (2, s) be defined such that

Az, s) % ATV (z,5) =
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We now define (2A(- (2, s)) as the following;

_
(1 —z)ptl

00
_ (M+I)N—1n
n=2

(zA(z,5)) * (z)\(_l)(z, s)) =

and obtain the following linear operator:

Ip,sf(z) = (2)‘(71)(?‘/7 S)) * f(Z)

where f € A, z € U, and

(zAD(z,8) =2+ Z et 1()72_1(12)? - 1)82n'

n=2

A simple computation, gives us

Iisf(z) =2+ Z (1 + 1<)n_1(2n — l)sanz”. (2)
n=2

n—1)!

where (1), is the Pochhammer symbol defined by

P(p+n) _ _
T { Ln=0up+1)..(p+n—-1), n={1,23, .}

In the following definition, we introduce a new class of analytic functions containing a linear

(W)n =

operator defined by lambda function of Eq. (2).

DEFINITION 1.1 Let a function f € A, then f € S, 5 if and only if

oy 2t )

>a, zeU 0<a<l. 3
I,u,sf(z) } ()

Let f and g be analytic in U. Then f is said to be subordinate to g if there exists an analytic
function w satisfying w(0) = 0 and |w(z)| < 1, such thatf(z) = g(w(z)), z € U. We denote this
subordination as f(z) < g(z) or (f < g), z € U.

The basic idea in proving our result is the following lemma due to Jack (1) (also, due to Miller
and Mocanu (2)).

Lemma 1.1 (1) Let w(z) be analytic in U with w(0) = 0. Then if |w(z)| attains its mazimum
value on the circle |z| =1 at a point zo € U, then we have zow'(z0) = kw(zp), where k > 1 is a

real number.
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2 Main Results

In the present paper, we follow similar works done by Shiraishi and Owa (5) and Ochiai et al.

(3), we derive the following result:

Theorem 2.1 If f € A satisfies

2(Lusf(2)) a—3

R < , z€U
{ I,LL,Sf(Z> } 2(a - 1)
for some a(—1 < a <0), then
Iys
s (2) < 1+az, zeU
z 1-=2
This implies that )
L, sf(z l1-—«a
R{L£2 :
1>
Proof. Let us define the function w(z) by
L, sf(z 1—aw(z
#,3(): () (w(z);él)

z 1—w(z)’

Clearly, w(z) is analytic in U and w(0) = 0. We want to prove that |w(z)| < 1in U. Since

2(Iusf(2) —azd(2) 2w’ (2)
Lsf(2)  1—aw(z) * 1—w(z) +1,
we see that (17 () () /()
g 2 Qs (2 _ gy a2 2w’ (2
{ I.sf(2) } {1—aw(z) 1—w(z) +1}
< 2(‘2__?’1) (2€U)

for —1 < a < 0. If there exists a point zg € U such that

max |w(z)| = w(z0)] = 1,
[z] <1z0l

then Lemma 1.1, gives us that w(z) = € and zow'(20) = kw(z0), k > 1. Thus we have

20(Ipu,s f(20)) _ —azow'(20) . zow'(20) 1
I.sf(20) 1—aw(z)) 1—w(z)
L,k k

1—e® 1 — e’
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If follows that

%{1_&)(20)} éR{ — 19}_7
and | )
-«
§R{1 —aw(zo)} %{ aew} T2 2(1+a2-2acosh)’
Therefore, we have )
20(Lpsf(20)' 0 k(o —1)
™ I:sf(zo) P=1 2(14+ a2 —2acosf)’

This implies that, for —1 < a <0,
/ A2
T () |
I,u,sf(ZO) 2(a - 1)
_a—3

- 2(a—1)

This contradicts the condition in the theorem. Then, there is no zp € U such that |w(zp)| = 1 for

all z € U, that is
Iisf(2) - 1+ az

U.
z 1—2"' z€
Furthermore, since
Ip,,sf(z) _ 1
_ z
w(z) = e zeU
z
and |w(z)| <1 (2 € U), we conclude that

1l -«
5

%{Imsj(z)} >

Taking o = 0 in the theorem, we have the following corollary:

Corollary 2.1 If f € A satisfies

(Lysf(2))
R{ I::sf(z) } > 3 € U,
then
,u,,sf(z) 1 el
z 1—2"
and
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Theorem 2.2 If f € A satisfies
2(Ipsf(2)) 3a —1

s a0
for some a(—1 < a <0), then
z 1+=2
Tof() < liz’ zeU,
and
Lusf(z) 1 < L , zeU.
z l-—o l1-—a

This implies that
1s
?R{“’ZJ:(Z)} >0, zeU.

Proof. Let us define the function w(z) by

A aw(z)
Iu,sf(z) 1- w(z) ’

Then, we have that w(z) is analytic in U and w(0) = 0. We want to prove that |w(z)| < 1in U.

w(z) #1. (4)

Differentiating Eq. (4) , we obtain

(sl (2)) _ —2(2) | az(2)

I,sf(2) T w(z) 1-—aw(z) +1
and, hence (1o f(2)) (2) (2)
S 90 et A s Rl o R
3o —1
> m, zeU,

for (—1 < o < 0). If there exists a point (29 € U) such that Lemma 1.1, gives us that w(zg) = €%

and zow'(z9) = kw(z0),k > 1. Thus we have

20psf(z0)) _ —zow'(20) | ozow'(20)
I,.sf(20) 1—w(z0) 1—aw(z)
_q k k

_1—ei9+1—aei9'

Therefore, we have
k(a? —1)
2(1 4+ a? —2acosb)’

(22Ul o))

Ip,,sf(z()) =
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This implies that, for —1 < a <0,

20(Jusf(20))"y _ k(1 —a?)
™ I, sf(20) b=1- 2(14+ a? —2acosf)’
3a—1
~ 2(a—1)

This contradicts the condition in the theorem. Hence, there is no zp € U such that |w(zp)| =1

for all z € U, that is

z - 142 cU
) z i
I.sf(2) 1—=2
Furthermore, since
1 _ Ip,sf(z)
_ z
w(z) = 71 EpYANIER zeU
z
and |w(z)| <1 (2 € U), we conclude that
1 1 1
u,sf(z) _ < , 2 € U
z 11—« 1 -«

which implies that

Ly
8’%{“";(2)} >0, zeU,
we complete the proof of the theorem. By setting & = 0 in Theorem 2.2, we readily obtain the
following:

Corollary 2.2 If f € A satisfies

%{M} > %7 = U7

Iu,sf(z)
then
z 1+ 2
=< , zeU
and
I
Lusf(2) 1‘ <1, z€eU.
z

Theorem 2.3 If f € A satisfies

2(Isf(2)  a2—7)—(2+7)
M f) 1
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for some a(—1 <a<0) and 0 <~y <1, then

<Imsf(z))%< 1+ozz, -
z 1—=2
This implies that )
I,sf(z),2 1—-«
%{i}w > zeU.
Proof. Let us define the function w(z) by
Iisf(z) ( 1- oa,u(z))7 w(z) £ 1.

z O 1-w(z)
Clearly, w(z) is analytic in U and w(0) = 0. We want to prove that |w(z)| < 1in U. Since

2(Isf(2) | 2d'(2) azw'(2)

I.sf(2) _7(1 —w(z) 1 —aw(z)) +1

we see that
20'(2) azw'(2)

Ry = RO

—w(z) 1 —aw(z)) +1

a(2-7)—(2+9)
2(a—1) ’

for a(—1 < a<0)and 0 <~y <1. If there exists a point (29 € U) such that

< zeU

max |w(z)| = [w(z0)| = 1,
=1 < Iz0

then Lemma 1.1, gives us that w(zg) = € and zow'(20) = kw(20),k > 1. Thus we have

M 2w (20) B azow'(20)
hofGo) ' T=w()  T-awi) T
k k

1—e?  1— qeif

=14+

Therefore, we have
vk(1 — a?)
2(14+ a? —2acosh)’

ZO(Iu,sf(ZO))/
Iu,sf(z())

This implies that, for a (-1 <a <0)and 0 <y <1

m@mﬂmw} a2—7)—(2+9)
Iu,sf('z()) B 2(0[ - 1) .

R{ }=1+

R{
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This contradicts the condition in the theorem. Hence, there is no zg € U such that |w(z)| = 1

for all z € U, that is

(I“’sf(z))%< 1—az ’ LU
z 11—z
Furthermore, since
I,u,,sf(z) % _ 1
w(z) = (I @ )l ’
(a7
and |w(z)| <1 (2 € U), we conclude that
1 11—
%{M}i > TO‘ Zel,
z

we complete the proof of the theorem.
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