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Abstract

The purpose of the present paper is to introduce several new classes of analytic functions
and investigate various inclusion properties of these classes. Some interesting applications of
integral operators are also considered.
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1 Introduction and preliminaries

Let A denote the class of analytic functions f in the open unit disk U = {z : |z] < 1} normalized
by f(0) = f(0) —1 = 0. Thus each f € A has a Taylor series representation

f2) =24 apz* (1)
k=2

For two functions f and g analytic in U, we say that the function f is subordinate to g in U and

write
f(z) <9(2) (2 € U),
if there exists a Schwarz function w(z) which (by definition) is analytic in U with
w(0) =0 and |w(z)| < 1,

such that
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We denote by AS(£), AK () and AC(&, p) the subclasses of A consisting of all analytic functions
which are, respectively, starlike of order &, convex of order & and close-to-convex of order p and

type € in U [8, 12].

Let 2 be the class of all functions ¢ which are analytic and univalent in U and for which ¢(U) is
convex with ¢(0) =1 and R¢(z) > 0 (z € U).

Let f,g € A where f and g is defined by
[e.@] oo
fz)=z+ Zakzk, g(z) =2+ Z bzt
k=2 k=2
Then the Hadamard product (or convolution) f % g of the functions f and g is defined by

(f*9)(2) = 2+ Y apbyz".
k=2

Making use of the subordination’s principle between analytic functions, we introduce the sub-
classes AS(§, ¢), AK (&, ¢) and AC(&, p, ¢, 1) of the class A for 0 < &, p < 1 and ¢,9 € N, which
are defined by

and

1

zf'(2)
9(2)

p) <9(2), (z € U)}-

For a function f € A, authors have introduced the following differential operator in [7] such that

D7) = f02)
DiaBmf(z) = (“EIIEN )+

Di(e, B, 1) f(z) = D(Dx(e, B, 1) f(2)),

A
a+f

)2f'(2),

Di(a, B, 1) f(2) = DDy (e, B, 1) f(2))- (2)
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If f is given by (1) then from (2) we have

Dl B f(2) = Z+Z<a+ ,u—i-a)\—i—(kﬁ—l)-i‘ﬁ)nakzk (3)

(feAa,BuA>0,a+8#0,n€N,)

By specializing the parameters of DY (a, 3, 1) f(z) we get the following differential operators. If

we substitute

e 3=0,weget D"f(z) =z + ZZ‘;Q(%)nakzk

of differential operator given by Darus and Faisal [9].

e 5=1,u=0,weget D"f(z) =2+ ZZOZZ(%J:)H)”%ZJ“

of differential operator given by Aouf et al. [1].

ea=1,3=o0,and u =0, weget D"f(2) =2+ > pop(l + Ak — 1))"axz*
of differential operator given by Al-Oboudi [2].

ea=1B=0,p=0and A=1, we get D"f(2) = 2 + > 1o, (i) arz*

of Salagean’s differential operator [3].

ea=10=1A=1and p=0, we get D"f(2) =z + Z?:Q(%)"akzk
of differential operator given by Uralegaddi and Somanatha [4].

eB=1,A=1and =0, we get D"f(z) =z + 3 jo (2t a2

of differential operator given by Cho and Srivastava [5, 6].

Next, by using the operator DY («, 3, 1) f(2), we introduce the following subclasses of analytic
functions for 0 < &, p < 1 and ¢, € N:

AS“(& b, p) = {z € A: DV a,B,p)f(2) € AS(§,¢)},
KZ,’?(& b, 1) = {z € A: DX(a, B, 1) f(2) € AK(&@},

ACZ;E(ﬁ,p, ¢, 1) = {z € A: DV a, B,1)f(2) € AC(, p, qw)}.




Inclusion Properties of Certain Subclasses of Analytic Functions 69

We also note that

f(2) €AKIA(E ¢ 1) & —2f'(2) € ASTA(E. 6, ) (4)

In particular, we set

A 1+AZ T,
— <
AS (5’1+B p)=AS;5(& A, Bu) (-1<B<A<LI)
and
1+ Az A
AK™A (6 — 22 AK!(& A, B —1<B<A<I1)
a,ﬂ(§71+Bz7 ) (€ M)( < < = )

Next we will investigate various inclusion relationships as well as integral preserving properties

for the subclasses of analytic functions newly introduced above.

2 Inclusion Relationships Associated with Operator DY («, 3, 1)

First we will state the following lemma which we need for our main results.

Lemma 2.1. [10] Let ¢ be convex univalent in U with ¢(0) = 1 and R{x¢(z)+v} > 0(x,v € C)-
If p is analytic in U with p(0) = 1, then

< ¢(z) (z€0),
implies

p(z) < ¢(2) (2 €U)

Lemma 2.2. [11] Let ¢ be convex univalent in U and w be analytic in U with R{w(z)} > 0. If
p is analytic in U with p(0) = ¢(0), then

p(z) +w(z)zp'(2) < 4(2) (2 € D),
implies

p(2) < ¢(2) (2 €U)

Theorem 2.3. If f € A and ¢ € N with R{p(2)} < {— 1+ 25 /1 — ¢ Then

ASHERA (m u> C ASL (aw) CAS) “(5, w)-
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Proof Let f(z) € AS"+1”\(£, ¢, 1) and set

o,
| (Z(Dw,ﬁ, Wiz 5)

p(z) = 1—¢\ DY, B, 1) f(2)

where p is analytic in U with p(0) = 1. Simultaneously applying (3) and (5) we get

a+pf D;“rl(a,ﬁ,,u)f(z) ([, a+8 B )
“+A<D§(a,ﬂ,u)f(2)>_ (1 M+A>+<f+(1 )p( ))

By a simple calculation with (5) and (6), we obtain

L (2D e B f) N _ 2p/(2)
1—6( Dy a, B, 1) f(2) 5) o )Jr(1—5)19(2)+§—1+j’%&3

Since R{¢(2)} <& -1+ Z‘%f/l — & implies R{(1 = &p(z) + £ — 1+ ziif} >0 (z€)

(z € U)

Applying Lemma 2.1 to (7), it follows that f(z) € AS&L’E(S, o, 1)

Theorem 2.4. If f € A and ¢ € N with R{p(2)} < & — 1+ 25 /1 — ¢ Then

AKIE <£,¢>,u> C AK, (g,as, u) C AKL <£, w)-
Proof. Applying (4) and Theorem 2.3 we conclude that

fe ARG (5, ¢, u) = —zf'ASL <£, w) C AL (5, w) =

—zf" € AS) (5, ¢, u) & feAK); (5, w)-
Which proves Theorem 2.4.

Taking

B 1+ Az

in Theorems 2.3 and 2.4, we have the following corollary:

Corollary:2.5. Let (14 A)/(1+ B) <& —1+25/1 — ¢ for =1 < B < A< 1, then

ASZLL/\ (fa A, B, M) C ASZ:? <§, A, B, ,u,> C ASZTﬁl,/\ (5’ A, B, H) .

(7)
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AKZ;L/\ (&A,B,,u> C ElKZ:g <f,A,B,M> C AKZTﬁL)\ <§,A,B,,u>-

Theorem 2.6. If f € Aand ¢, € M, 0 < &, p < 1 with R{p(2)} <&—1+ %/1 — &. Then

ACIEINE p, 6,1, 1) C ACIA(E, po by, 1) © ACESA(E, p, 610, p1)-

Proof. To prove the inclusion, let f(z) € AC’Z;L)‘(S,;}, ¢, 1, 1) then by definition there exist a

function g(z) € ASZ’EL)‘ (f, o, ,u> such that

1 <Z(D§H(a,57ﬂ)f(2))/

L—p\ Dy a,B.m)g(z) p) <) (2 l)

We suppose that

1 [ 2(D3 (e, B, 1) f(2))
p(z) = o — 8
® 1—/)( Dy(a, Bmg(s) " )
where p is analytic in U with p(0) = 1. Using the following equation
a+p a+f
pntl = 2(D?} "— (1 - —) (DY}
(MJFA)( N (@ B p)f(2) = 2(DX (e, B, 1) f(2)) = ( u+)\)( Ao, B, 1) f(2)),
we get
(A0 s )
L=p\ Dy (e, B, m9(2)
z(DX (a,B,p)2f'(2)) atB _ 1y 2D (B,1) f(2))
1 ( Bl@siws T e~ VD @amet ) _p) o)
_ z2(DY¥(e,B, z)) «
1-p (DX ( ﬂu)g())_i_(fif\?_)

D% (a,B,11)9(2)

Since g(z) € A,S'ZEI’A (f, o, ,u> C ASZ’g ({, o, u) , by using Theorem 2.3, we set

o) ! <Z(D&‘(a,ﬁ,u)g(Z))’ . 5)‘ (10)

T 1€\ Dila, B, mg(2)
Then, by virtue of (8), (9) and (10), we get
1 (D3 (0, B, 0 f(2)) ) o 2p/(2) -
= p< D pgz) 7)) PO e v 1o "
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Since £ > 0 and g < ¢ in U with assumption for ¢, € 9 and §R{(1 —&q(z)+&—1+ Z%f} > 0-

Hence, by taking
1

(1-8q(z) +& -1+ 2%

w(z) =

and and applying Lemma 2.2, we can show that p < ¢ in U, so that f(z) € ACZ:g(f,p, O, 1, 1)

Hence proved.
3 Integral-Preserving Properties

In this section, we present several integral-preserving properties for the subclass of analytic func-
tion defined above. We first recall a familiar integral operator L.(f) defined by

c+1
ZC

L) = [ e 0t (> 1 f € 4) (12)

which satisfies the following relationship:

2O (e, B, 1) Lef(2)) = (e + 1)(OF y(av, B, 1) f(2)) — (e)(OF x(v, B, i) Le f (2))- (13)

Theorem:3.1. Let ¢ > —1 and ¢ € N with R{e(2)} < c+&/1 & If f(z) € ASZ:g <§,¢, ,u)

then L.(f) € ASI (5, o, u) :

Proof. Let f(z) € ASZ’? <£,¢>,,u> and set

o) = ! (z(Dﬁ(a,ﬁ,u)ch(Z))’ ) 5). 14

B 1 _5 Dg\l(aaﬁv M)ch(Z)
where p is analytic in U with p(0) = 1. Using (13) and (14) we have

2(DY(a, B, 1) f(2))
DY (av, B, ) Lef(2)

Then, by virtue of (13), (14) and (15), we get

L (AD3e B ) e
1—£< Dy (e B, 1) (2) 5>‘p<)+<1_g>p<z>+c+§ (16)

(c+1) = (@) +&+ 1 =p(2) (15)
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Applying Lemma 2.1 to (16), we conclude that L.(f) € AS’Z’% <§, ¢,,u>~ Similarly applying (4)

and Theorem 3.1, we have the following result:
Theorem:3.2. Let ¢ > —1 and ¢ € M with R{p(2)} < c+ /1 - & If f(z) € AKZ;‘ <§,¢), ,u)
then Lc(f) € AKZ:;‘ <‘Sa o, M) :

Theorem:3.3. Let ¢ > —1, ¢,90 € Mand 0 < &p < 1 with R{P(2)} < c+&/1—-¢& If
f(2) € ACL3(&, ps 6,0, ) then Le(f) € ACLH(E, p, 6,1, 11)-

Proof. Let f(z) € ACZ:;‘ (&, p, ¢,1, 1) so by definition there exist a function g(z) € ASZ:E (5, o, u)

such that
1 [ 2(DX (e B, 1) f(2))
- < ¥(z) (2 € U)-
We set
1 [ 2(DX(e, B, p)Lef(2))
z) = — 17
PR =1 p( Dy(a.B.i)legz) " 1o
where p is analytic in U with p(0) = 1. Using (13) we get
2(D% (o,B,p) Le p (2 (2))" (DY (e,B1) Le(2f'(2))
2(D3(, B, ) (2))'\ _ ~ DReiLepa  + O Dl smlopals) 18)
DY (o, B, 1) g(2) 2(DY(a,B,1) Le,p(9(2))

D;L(OZ?ﬁv#)LCypg(z) +

Since g(z) € ASZ’E (5, o, u) implies L.g € ASZ’Q (5, o, ,u) , by using Theorem 3.1, we have

q(2)

1 (z(DK(a,ﬂ,u)ch(Z))’ _£>. (19)

“1-¢\ D¥e, B, 1) Leg(2)

Then, by virtue of (17), (18) and (19), we get

U (2D B f(2)" N _ zp'(2) .
1 —p< Dy (o, B, 11)g() p) AT E =

Hence by using Lemma 2.2, we can show that p < ¢ in U, so that L.(f) € ACZ:g‘(f,p, O, 1, 1)

Hence proved.
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