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Abstract

In this paper, we study inextensible flows of curves in E3. We research inextensible flows
of curves according to Bishop frame in E3.
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1 Introduction

One of the oldest topics in the calculus of variations is the study of the elastic rod which, according
to Daniel Bernoulli’s idealization, minimizes total squared curvature among curves of the same
length and first order boundary data. The classical term elastica refers to a curve in the plane

or R? which represents such a rod in equilibrium.

On the other hand, physically, inextensible curve and surface flows give rise to motions in
which no strain energy is induced. The swinging motion of a cord of fixed length, for example,
or of a piece of paper carried by the wind, can be described by inextensible curve and surface
flows. Such motions arise quite naturally in a wide range of physical applications. For example,
both Chirikjian and Burdick [4] and Mochiyama et al. [12] study the shape control of hyper-
redundant, or snake-like, robots. Inextensible curve and surface flows also arise in the context of

many problems in computer vision [11] and computer animation [5].

There have been numerous studies in the literature on plane curve flows, particularly on
evolving curves in the direction of their curvature vector field (referred to by various names such
as “curve shortening”, “flow by curvature”, and “heat flow”). Particularly relevant to this article

are the methods developed by Gage and Hamilton [7] and Grayson [8] for studying the shrinking
37
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of closed plane curves to a circle via the heat equation. In [6] Gage also studies area-preserving

evolutions of plane curves.

In this paper, we study inextensible flows of curves in E3. We research inextensible flows of
curves according to Bishop frame in E3. Necessary and sufficient conditions for an inelastic curve

flow are expressed as a partial differential equation involving the curvature.

2 Preliminaries

The Bishop frame or parallel transport frame is an alternative approach to defining a moving
frame that is well defined even when the curve has vanishing second derivative. We can parallel
transport an orthonormal frame along a curve simply by parallel transporting each component

of the frame. The Euclidean 3-space E? provided with the standard flat metric given by
(,) = daf + da} + dag,

where (21,29, 3) is a rectangular coordinate system of E2. Recall that, the norm of an arbitrary
vector a € E3 is given by |la|| = v/{a,a). 7 is called a unit speed curve if velocity vector v of

satisfies ||a|| = 1.

Denote by {T,N,B} the moving Frenet-Serret frame along the curve + in the space E3. For
an arbitrary curve v with first and second curvature, x and 7 in the space E2, the following

Frenet—Serret formulae is given

T = kN
N = —xkT+7B
B’ = —7N,

where

<T7T> = <N7N> = <BaB> =1,
(T,N) — (T,B) = (N,B)=0.

Here, curvature functions are defined by x = x(s) = || T/(s)|| and 7(s) = — (N, B’).
Torsion of the curve « is given by the aid of the mixed product

B [,7/, ,yl/’ ’Y/N]
T = 7,432 .
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In the rest of the paper, we suppose everywhere x # 0 and 7 # 0.

The Bishop frame or parallel transport frame is an alternative approach to defining a moving
frame that is well defined even when the curve has vanishing second derivative. One can express
parallel transport of an orthonormal frame along a curve simply by parallel transporting each
component of the frame. The tangent vector and any convenient arbitrary basis for the remainder

of the frame are used. The Bishop frame is expressed as

T = k1M + koMo, (2.1)
Mll =—kT,
M,Q = —koT.

Here, we shall call the set {T, M;, M, } as Bishop trihedra and k; and k2 as Bishop curvatures.

The relation matrix may be expressed as
T=T,
N = cosf (s) M; + sinf (s) Mg,
B = —sinf (s) M; + cos 6 (s) My,
where 0 (s) = arctan %, 7(s) = ¢ (s) and k(s) = \/k? + k3. Here, Bishop curvatures are defined
by
k1 = k(s)cosf(s),
ky = k(s)sinf(s).

On the other hand,

T = T,
M; = cosf(s)N —sinf(s)B,
M; = sinf(s) N+ cosf(s)B.

3 Inextensible Flows of Curves According to Bishop Frame in E?

Throughout this article, we assume that f : [0,1] x [0,w] — E3 is a one parameter family of
smooth curves in Euclidean space E3, where [ is the arclength of the initial curve. Let u be the

curve parametrization variable, 0 < u < [.
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The arclength of F is given by

0
s(u) = | 2| du, (3.1)
0
where
1
or oF OF \ |2
— = =, = . 3.2
ou '< du’ du >‘ (3:2)
o . . .
The operator 95 is given in terms of u by
S
6 _19
ds vou’
where v = " .The arclength parameter is ds = vdu.
Any flow of F can be represented as
0
zTZ — T + gN + hB. (3.3)

Letting the arclength variation be
s(u,t) =y vdu.

In the Euclidean space the requirement that the curve not be subject to any elongation or

compression can be expressed by the condition

0 u OV
as(u,t) = adu =0, (3.4)

for all u € [0,1].

0
Definition 3.1. A curve evolution F (u,t) and its flow 9 in E? are said to be inextensible

ot
if
9 10F ) _
ot |ou|
or .
Lemma 3.2. Let 0 fT + gM1 + hMsy be a smooth flow of the curve F. The flow is
U

inextensible if and only if

ov  [(Of
i <8u — guky — hvk2> . (3.5)
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Proof. Suppose that a—F be a smooth flow of the curve F. Using definition of F, we have

ou
oF OF
2 _

! _<8u’8u>' (36)

0 0
— and — commute since and are independent coordinates. So, by differentiating of the

ou ot
formula (3.6), we get

dv _ 9 [OF OF
Yor —at\ot ot/

On the other hand, changing 88 and 8615’ we have
U

v <8F 0 8F>

var =\ w30l oa

From (3.3), we obtain

ov or 0

By the formula of the Bishop, we have
h
@: T, a—F—gvkl—hvkg T + ’Uk?lf-i-@ M, + ngf—f—af M, ).
ot ou ou ou

Making necessary calculations from above equation, we have (3.5), which proves the lemma.

0
Theorem 3.3. Let 8—F = fT + gM; + hM; be a smooth flow of the curve F. The flow is
u

inextensible if and only if

of
5g = k1 + hiky. (3.7)

Proof. Now let or be extensible. From (3.4), we have

ou
0 v (O B B
as(u,t) = adu =5 <8u guk; hvl@) du =0, (3.8)

Vu € [0,1]. Substituting (3.5) in (3.8) complete the proof of the theorem.

We now restrict ourselves to arc length parametrized curves. That is, v = 1 and the local

coordinate u corresponds to the curve arc length s. We require the following lemma.
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Lemma 3.4.

aT g oh
i (fk?1+85> M, + <fk‘2+ 83)M2’ (3.9)
8M1 _ 8g
5 <fk1+ s )T-H/JMQ, (3.10)
oM, oh
e <fk: o )T YM,, (3.11)

M
where 9 = <86t1’M2> .

Proof. Using definition of f, we have

3T 9 af 0

Using the Bishop equations, we have

or _ ((;f — kg — hk‘z) <k1f + 99 > M; + </€2f + 6h> M. (3.12)
S 0s

ot

Substituting (3.7) in (3.12), we get

oT dg oh
8t = (fkl + s ) M; + <fk2 + 88) M.

Now differentiate the Bishop frame by ¢ :

. 8 8M1 Og 6M1

0 = 5<T,M < >+< - fk‘1+a+<T )

9 8M2 oh [ M
9 oM, OM, OM,

0 = g <M1’M2>_<8t ,M2> <M17 5 > P+ <M1, 5 >

oM oM
From the above and using <8tl’ M1> = < t2 M2> = 0, we obtain

0
oM, ag
T = <fk1 + 88) T + yYMo,
oMy oh
AL —(fk2+8S>T—wM1,
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where 1) = <818\/tl1 M2>

The following theorem states the conditions on the curvature and torsion for the curve flow

F (s,t) to be inextensible.

0
Theorem 3.5. Suppose the curve a—F = fT + gM; + hMs is inextensible. Then, the
U
following system of partial differential equations holds:
(3.13)

oy [0 &h
o (83<fk )+8 2)+1/1/<?1

Proof. Using (3.9), we have

0 0T 0 dg oh
5ot Bs ka1+a>M1+<fk2+as)M2}
_ (; (fh) + ) M, + (fkl n gg) (—ksT)

+ ( (fk2) + g:) M, + <fk2 + gh> (—koT).

On the other hand, from Bishop frame we have

0 0T 0

9s 0t g(klMl-FkQMQ)
_ Ok 99 Ok,
= 8tM1+< (fk1+a >T+¢M2>+ 5 M,

+ko ( <fk2 + gh> T — 1ZJM1> .

Similarly, we have

90My 0 oh
o5 ot 83[ <fk2+a)T_wM1]

Oh 8@!)

ooMy 0
ot os — or T
Ok dg oh
= @kawa )M1+<fk2+as> Mz].

Thus, we have (3.13).

2p
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