Revista Notas de Matematica

Vol.7(1), No. 299, 2011, pp. 1-13
http://www.saber.ula.ve/notasdematematica
Pre-prints

Departamento de Matematicas

Facultad de Ciencias

Universidad de Los Andes

A Generalization of Modular Sequence Spaces by Cesaro Mean

of Order One

Hemen Dutta, Igbal H. Jebril, B. Surender Reddy and S. Ravikumar

Abstract

In this paper, we introduce the modular sequence spaces generated by Cesaro mean of
order one and give several properties relevant to algebraic and topological structures of these
spaces.
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1 Introduction

An Orlicz function is a function M : [0,00) — [0, 00), which is continuous, non-decreasing and

convex with M (0) =0, M(z) > 0, for x > 0 and M(x) — o0, as z — oo.

If convexity of Orlicz function M is replaced by M (x+vy) < M(x)+ M(y), then this function

is called a modulus function introduced by Nakano [6].

Lindenstrauss and Tzafriri [2] used the idea of Orlicz function to construct sequence space

by ={x=(z) Ew: ZM(%) < 00, for some p > 0}.
k=1

The space £3; becomes a Banach space, with the norm

Joll = li@e)l| = inf{p > 0: > b (22l) <13
k=1

which is called an Orlicz space. The space £ is closely related to the space £, which is an

Orlicz sequence space with M (z) = 2P for 1 < ]i < o0. The study of Orlicz sequence spaces was
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initiated with a certain specific purpose in Banach space theory. Indeed, Lindberg got interested
in Orlicz spaces in connection with finding Banach spaces with symmetric Schauder bases having
complementary subspaces isomorphic to ¢y or £, (1 < p < 00). Subsequently Lindenstrauss and
Tzafriri studied these Orlicz sequence spaces in more detail, and solved many important and
interesting structural problems in Banach spaces. Later on, different classes of sequence spaces

defined by Orlicz function were studied by many others.

Another generalization of Orlicz sequence spaces is due to Woo [10]. Let {M}} be a sequence

of Orlicz functions. Define the vector space ¢{ My} by

UM} ={x = (z) €ew: ZMk <‘xpk‘> < o0, for some p >0}
k=1

and equip this space with the norm

Joll = liG@e)ll = inffp >0 > a (E220) <1},

k=1

Then ¢{M}} becomes a Banach space and is called a modular sequence space. The space
{ My} also generalizes the concept of modulared sequence space introduced earlier by Nakano

[7], who considered the space ¢{ My} when My (z) = 2% where 1 < ay, < oo for k > 1.

An Orlicz function M is said to satisfy the Ag-condition for all values of u, if there exists a
constant K > 0, such that M (2u) < KM (u), (u > 0) . The Ag-condition is equivalent to the
satisfaction of inequality M (lu) < KluM (u) for all values of w and for [ > 1(See[4]).

The above As-condition also implies M (lu) < K182 5 M (v), for all u > 0, 1 > 1.

A BK-space (introduced by Zeller [11]) (X,|.]|) is a Banach space of complex sequences
x = () in which the co-ordinate maps are continuous, that is |z}} — x| — 0, whenever

" — x| — 0 as n — o0, where z" = (z7), for all n € N and x = (zy).
k

Let A denotes the set of all complex sequences which have only a finite number of non-zero
coordinates, A denotes a BK-space of sequences x = () which contains A. An element = = (x)
of A will be called sectionally convergent if

n
(M = g Trpep — T, as M — 00
k=1

where ey = (0g;), where ogr, = 1, 0p; = 0 for k # i

A will be called AK-space if and only if each of its elements is sectionallly convergent.
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Let M = (Mj) be a sequence of Orlicz function and C' = (¢uk )%= be the Cesaro matrix of

order one with ¢, = %H if 0 <k <n and ¢, = 0, otherwise. Then we define

k
o 2
j:
UM, C =< z=(z) Ew: kEZOMk m < 00, for some p >0

2 Main Results

In this section we give the theorems that characterize the structure of the class of sequences

¢{ M, C}.

Theorem 1. ¢{My,C} is a linear space over the field C.

Proof. Let x,y € ¢{My,C} and o, 3 € C. Then there exists some p; > 0 and pa > 0 such that

k
o0 Z Ly o > Yj
Z < oo and ZMk =01 < 00
2N D) 2 oy | <

We consider p3 = max (2|a|p1, 2|5|p2). Since each M}, is non-decreasing and convex, we have

k k
0 Z (az; + By;) 00 ZO(O“'J) %(ﬂyj)
J= J= J=
kz p3(k+1) S;OMI@ p3/€+1)+p3<k+1)
k k
00 Z Ly ;)yj
j=
Z 2p1 (k+1) + 2p2(k+1)
k
Z L 00 Z Yj
7=0

1 & 1
—_ + — M, [ S
2; p1k:+1) 2;0 "1 po(k+ 1)
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k
> (axj + Byj)

o
j=0

E:Mk ps(k+1)

< 00, for some p3 > 0.

This completes the proof
Theorem 2. Let {{My,C} is a normed linear space normed by
k
o > T
j=0

zl|=inf ¢ p>0: M | ———
Iz >

Proof. If & = 6, then it is obvious that ||| = 0. Conversely assume ||z|| = 0. Then using the

definition of norm, we have
k
- 2, T
J:
inf >0: M | ——— 1,=0
P20 2 M )

This implies that for a given ¢ > 0, there exists some p. (0 < p. < ¢) such that

o
> <1
= k+n
It follows that
k
J:
M, <1, VkeN
S WXCESVE
k k
J= J=
Thus My | —-0+- <1, V keN
e+ | = pe(k+1) | =
n; U2
S = f i, Let 0 then 22— .
uppose 1 or some ¢ et e — en ;1) — 00




[

A Generalization of Modular Sequence Spaces by Cesaro Mean of Order One

k
> T
j=0

e(k+1)

It follows that M — 00 ase — 0 for some n; € N.

This is a contradiction. Therefore

k
> T
j=0

k+1

=0, V keN.

It follows that xp = 0 for all £ > 1. Hence x = 0. Now let z,y € ¢{Mj,C} and let us choose
p1 > 0 and pg > 0 such that

k
00 Z Tj 00 ‘Zoyj
j:
<1 and Mg | ——+ | < 1.
kz pmk+1) | = kzo o+ |~
Let p = p1 + p2. Then we have
k
- > (x5 +y;) Z z;

Jj=0 >
M | = 1
Z g p(k+1) _<1+P2>kz p1/~c+1)

00 Zy]
<1.
(P1+/32)kz pa(k+1) | =

Hence ||z + y|| < |||l + |ly||. Finally let A be a given non-zero scalar, then we have

k
o 2()‘1’])
Inell =it { p>0: 3 ag | 20 <1
=
o) ij

, p
= inf ¢ (|]A 0: Y M| +— | <1 h = .
inf ¢ (JA|s) > Z k s(k:+1) < ,  where s B

|Az|| = |A| ||=||. This completes the proof.
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Proposition 3. Let M = (My) and T = (T}) be sequences of Orlicz functions. Then we have
E{Mk, C} N g{Tk, C} C E{Mk + Tk, C}.

Proof. The proof is easy, so omitted.

Theorem 4. Let M = (My) and T = (Ty) be sequences of Orlicz functions which satisfy
Ag-condition, then ¢{ My, C'} C l{Ty o My,C}.

Proof. Let x € ¢{M},C} and £ > 0. We choose 0 < § < 1 such that for each k, Ty (u) < k™%(s >
1) <efor 0 <u<¢. We write

k

>
= B k1)

o0
and consider Y Ti(yx) = > Tk(yx) + > Tk (yr) where the first summation is over y, < ¢ and the
k=0 1 2
second summation over y; > 6. Now we have > Ty (yx) < co. For yi > &, we use the fact that
1

y’“<%<1+<5)

Since for each T} is non-decreasing and convex, it follows that
1
Tk(yk)<Tk<1+%k> <§Tk( )+ Tk( 5) for each k € N.

Since each T}, satisfy As-condition, we have

Ty (yk) < K(é) k(2) + K(é) 1 (2) = Kyrd ' Tr(2)

Hence ZTk(yk) < Inax( K(S 1M Zyk < 00
2

Thus > Th(ye) = Y Telye) + Y Telyr) < 00
k=0 1 2

Hence x € ¢{T} o My, C}. This completes the proof.

Taking My (x) = z, for all z € [0,00) and k in N, in Theorem 4, we get the next Corollary.

Corollary 5. Let M = (My) be any sequence of Orlicz functions which satisfy As-condition and
s> 1, then ¢{C} C ¢{My,C}.
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We will write f & g for non-negative functions f and g whenever C1f < g < Cyf for some
Cj >0,5=1,2
Proposition 6. Let M = (My) and T = (T}) be sequences of Orlicz functions. If My ~ Ty, for
each k € N, then t{ My, C} = ¢{T},C}.

Proof. Proof is obvious.
Proposition 7. Let M = (My) be a sequence of Orlicz functions. If %iI%MkT(t) > 0 and

}ir%M’“f@) < 00, for each k € N, then ¢{My,C} = ¢{C}.

Proof. If the given conditions are satisfied, we have M (t) =~ ¢ for each k and the proof follows

from Proposition 6.

Theorem 8. ({Mj,C} is a Banach space normed by

o0

||| =inf{ p>0:> " M,
k=0

k
>
j=0

p(k+1)

Proof. Let (z) be a Cauchy sequence in £{My,C}. Let § > 0 be fixed and r > 0 be such that
for a given 0 < e < 1, .5 > 0, and 76 > 1. Then there exists a positive integer ng such that

|x® — at|| < 5, for all s,t > ng

k
- > (af —a3)
. Jj=0
= inf p>0:ZMk —p(k—i—l) <1 <ﬁ’ for all s,t > nyg.

k=0

Hence we have

> (a5 — a5)

o0

j=0

E M, <1, forall s,t>ng.
S e =t (k1) | T "

It follows that

<1, forall s,t>ng andk € N.
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For r > 0 with M; (7“2—5) > 1, we have

k
> - )

||xs — at||(k+ 1

5
M, <M, (), forall s,t>ng andke N.
)

2

Since M}, is non-decreasing for each k € N, we have

k
> (a5 — )
i " T e e
(k+1) =25 2

Hence it follows that (z7) is a Cauchy sequence in C' for each k € N. But C is complete and so
(x3) is converges in C for each k € N. Let lim x} = x;, exists for each k € N. Now we have for

S—00
all s,t > nyg.

k
s Zo(w — )
]:
inf >0: M <1l)<e
it p> 03 M| Ty |
Then we have
k
o > (a3 —af)
lim < inf p>O:ZMk ]:— <1 <e, forall s> nyg.
{00 p(k+1) - -

k=0
Using the continuity of Orlicz functions, we have

k
Z(w - hm )

7=0 =00

x
inf p>O:ZMk <13 <e, forall s>nyg.

— p(k+1)
This implies that
k

S A SIES
. 7=0
inf p>O:ZMk <1 <eg, forall s> ny.

p
k=0

It follows that (z° —z) € ¢{M},C}. Since (z*) € ¢{M},C} and ¢{M},C} is a linear space, so we
have x = z°® — (z° — z) € {{M},,C}. This completes the proof.
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It is easy to see that ||z'|| — 0 implies that =i — 0 for each i > 1. Hence we have the

following Proposition.

Proposition 9. The space ¢{ My, C} is a BK-space.

Now we study the AK-characteristic of the space ¢{Mj,C}. Before that we give a new

definition and prove some results those will be required.

Definition 10. For any sequence of Orlicz functions M = (My), we define

ij

=0 1
plk+1)

o0

MM, Cy = x=(xp) €w: ZMk
k=0

< oo, foreveryp>0

Clearly h{ My, C} is a subspace of {{ My, C'}. The topology of h{ My, C'} is the one it inherits from

Proposition 11. Let M = (My) be a sequence of Orlicz functions which satisfy Ag-condition
then K{Mk, C} = h{Mk, C}

Proof. 1t is enough to prove that {{M}y, C'} C h{M},C}. Let x € ¢{M}, C}, then for some p > 0,

o0

S| iy | <

= p(k+1)
Choose an arbitrary n > 0. If p < 7 then

ij

) S o
g: k+1 <§:”[ o) | =%

Let now n < pand put [ = % > 1. Since each M}, satisfies the Ag-condition, there exists constants
K, such that

k
s Z:UJ 0 loga K, Z::Uj
S| | <o (5) |
< nlk+1) p(k + 1)
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loga K,
Let S = supy, (%) . Then for every n > 0
k k
> T > T

0 =0 e’} 1=0
M, | —F1 <8 M| ———— | <
kzzo S ICESVE ;0 o+ | T

This completes the proof.

Proposition 12. h{My,C} is an AK-space.

Proof. Let x € h{Mj,C}. Then for each £, 0 < € < 1, we can find an sy such that

k
2. L

ZMk =0 | <1
e(k+1) | —

k>so

Hence for s > s,

k
j=
|z — 2| =inf p>0: Z My | —0
k>s+1 p(k‘—}—l)
k
Ly
=0
<inf{p>0: My |- <1p<e.

= plk+1) | —

Thus we can conclude that h{Mj, C} is an AK-space.

Combining Proposition 9 and Proposition 11, we have the following Theorem.

Theorem 13. Let M = (My,) be a sequence of Orlicz functions which satisfy Ag-condition, then
x € t{My,C} is an AK-space.

Proposition 14. The space h{ My, C} is a closed subspace of ¢{ My, C'}.
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Proof. Let {z*} be a sequence in h{ My, C} such that ||z° — x| — 0, where z € ¢({M},C}. To
complete the proof we need to show that x € h{ My, C}, i.e.,

S

k>0

k
Zj
—

=0
p(k+1)

< 00,

for every p > 0.

To p > 0 there corresponds an [ such that ||z! — z|| < 5. Then using convexity of each My,

k k k k
xj 22565 -2 Zzé—Zl‘j
§j=0 §=0 §=0 §=0
D Mi | o [ = 2 M
= p(k+1) = 2p(k+1)
k k
2 Zazé 2 Z(xﬁ—mj)
1 Jj=0 1 §=0
Iy s
2 = p(k+1) = p(k+1)
k k
25 7 2 Z(mé—x])
1 7=0 1 7=0
SN A
2k20 p(k+1) 2k20 |zt — || (k+ 1)
Now from Theorem 9, using definition of norm ||.||, we have
LA
2 Z{)(a?j —xj)
j:
M, <1
2 Me | =T D
It follows that
k
Ly
ZM =01 < oo, for ever >0

k>0
Thus z € h{Mj,, C}.

Hence we have the following Corollary.

Corollary 15. The space h{My,C} is a BK-space.
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