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Abstract

In this paper, we study null biharmonic curves and we characterize null biharmonic curves
in terms of their curvature and torsion in the Lorentzian Heisenberg group Heis®. Moreover,
we construct parametric equations of Bertrand mate of null biharmonic curves and null bi-
harmonic in the Lorentzian Heisenberg group Heis>.
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1 Introduction

In the theory of space curves in differential geometry, the associated curves, the curves for which
at the corresponding points of them one of the Frenet vectors of a curve coincides with the one
of the Frenet vectors of the other curve have an important role for the characterizations of space
curves. The well-known examples of such curves are Bertrand curves. These special curves are
very interesting and characterized as a kind of corresponding relation between two curves such
that the curves have the common principal normal i.e., the Bertrand curve is a curve which
shares the normal line with another curve. These curves have an important role in the theory of
curves. Hereby, from the past to today, a lot of mathematicians have studied on Bertrand curves
in different areas [22].

On the other hand, harmonic maps f : (M, g) — (N, h) between Riemannian manifolds are
the critical points of the energy

() =3 [ 14 v, (1)

and they are therefore the solutions of the corresponding Euler—Lagrange equation. This equation
is given by the vanishing of the tension field

7 (f) = traceVdf. (1.2)
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As suggested by Eells and Sampson in [4], we can define the bienergy of a map f by

Baf) =3 [ Ir (v, (1.3

and say that is biharmonic if it is a critical point of the bienergy.

Jiang derived the first and the second variation formula for the bienergy in [7], showing that
the Euler-Lagrange equation associated to FEs is

T2 (f) = =T (7 (f)) = —A7 (f) — traceR" (df, 7 (f)) df =0, (1.4)

where J/ is the Jacobi operator of f . The equation 79 (f) = 0is called the biharmonic equation.
Since J7 is linear, any harmonic map is biharmonic. Therefore, we are interested in proper
biharmonic maps, that is non-harmonic biharmonic maps.

Biharmonic maps have been extensively studied in the last decade.

In [1] the authors completely classified the biharmonic submanifolds of the three-dimensional
sphere, while in [2] there were given new methods to construct biharmonic submanifolds of codi-
mension greater than one in the n-dimensional sphere. The biharmonic submanifolds into a space
of nonconstant sectional curvature were also investigated. The proper biharmonic curves on Rie-
mannian surfaces were studied in [3|. Inoguchi classified the biharmonic Legendre curves and the
Hopf cylinders in three-dimensional Sasakian space forms [6]. Then, Sasahara gave in [17] the
explicit representation of the proper biharmonic Legendre surfaces in five-dimensional Sasakian
space forms.

In this paper, we study null biharmonic curves and we characterize null biharmonic curves
in terms of their curvature and torsion in the Lorentzian Heisenberg group Heis®. Moreover, we
construct parametric equations of Bertrand mate of null biharmonic curves and null biharmonic
in the Lorentzian Heisenberg group Heis®.

2 The Lorentzian Heisenberg Group Heis®

The Lorentzian Heisenberg group Heis? can be seen as the space R? endowed with the following
multiplication:

(7,7,2) (%, y,2) = (T+ 2,5+ y,Z+ 2 — Ty + 27).

Heis? is a three-dimensional, connected, simply connected and 2-step nilpotent Lie group.

The Lorentz metric g is given by
g = —dz? + dy? + (zdy + dz)?,
where

wl = dz + ady, w? = dy, w3 = dx
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is the left-invariant orthonormal coframe associated with the orthonormal left-invariant frame,

612%, e2:<%_x<§z’ e;;z% (2.1)
for which we have the Lie products
[e2,€3] = 2e1, [es,e,] =0, [ez,€,] =0,
with
gler,e;) = g(ez,ey) =1, gles, e3) = —1. (2:2)

Proposition 2.1. For the covariant derivatives of the Levi-Civita connection of the left-
mwvariant metric g, defined above the following is true:

0 €3 €9
V=|es 0 e |, (2.3)
ey —e; 0
where the (i,j)-element in the table above equals V,e; for our basis
{ek,k =12 3} = {ela €2, 83}.

We adopt the following notation and sign convention for Riemannian curvature operator:

R(X, Y)Z =-VxVyZ+VyVxZ+ V[Xy}Z.

The Riemannian curvature tensor is given by

R(X,Y,Z,W) = g(R(X,Y)Z,W).

Moreover we put
Rope = R(eq,€p)e,., Raped = R(eq, e, €., €y),
ewhere the indices a, b, c and d take the values 1,2 and 3.
Rig1 = —ez, Riz1 = —e3, Razx = 3es,
and

Ri212 = =1, Ri313 =1, Ragza3 = —3. (2.4)
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3 Null Biharmonic Curves In The Lorentzian Heisenberg Group
Heis?

Let v : I — Heis® be a null curve on the Lorentzian Heisenberg group Heis® parametrized by
arc length. Let {T, N, B} be the Frenet frame fields tangent to the Lorentzian Heisenberg group
Heis? along ~y defined as follows:

T is the unit vector field 7/ tangent to 7, N is the unit vector field in the direction of VT
(normal to ), and B is chosen so that {T,N,B} is a positively oriented orthonormal basis.
Then, we have the following Frenet formulas

VT = kN, (3.1)
VTN = HQT — HlB,
V1B = —ksN,

where

g(T,T) :g(B,B) :ng(NvN)
g(T,N) :g(N,B) :ng(TvB)

1, (3.2)
1

9

and k1 is the curvature of v and ko is its torsion.

With respect to the orthonormal basis {e1, e, €3}, we can write

T =Tie; + Thes + Txes, (33)
N = Niej + Noey + Nses,
B =T x N = Bye; + Byey + Bses

Theorem 3.1. Let v : I — Heis? be a non-geodesic null curve parametrized by arc length.
v is a non-geodesic null biharmonic curve if and only if

kK] = 0,
K] +2k¥ky = kK R(T,N,T,N), (3.4)
2k ko + khk1 = K1 R(T,N,T,B).

Proof. Using Eq. (1.4) and Eq. (3.1), we have

m2(y) = VAT - R(T,N)T
= (2rhr1 4 Kike)T + (K] + 263k9)N + (3k15})B — k1 R(T,N)T
= 0.
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By Eq. (3.2), we see that 7 is a biharmonic curve if and only if

k1K) = 0,
k]! +2k2Kky = K1 R(T,N,T,N)

; (3.5)
2rok) + k1ky, = k1 R(T,N,T,B).

The proof is completed.

Theorem 3.2. Let v : I — Heis?® be a non-geodesic null curve parametrized by arc length.
v is a non-geodesic null biharmonic curve if and only if

k1 = constant # 0,
R1k2 = —QB%, (36)
IQIQ = 4N1B1.
Proof. Using Eq. (3.4), we have
k1 = constant # 0,
2/431/{2 = —R(T,N,T,N), (37)
Ky = —R(T,N,T,B).

A direct computation using Eq. (2.4), yields
R(T,N,T,N) = —4B3, (3.8)
R(T,N,T,B) =4NB;.

These, together with Eq. (3.7), complete the proof of the theorem.

Theorem 3.3. (see [21]) Let v : I — Heis? be a null biharmonic curve. Then v is a heliz.

Corollary 3.4. v : I — Heis? is null biharmonic if and only if

k1 = constant # 0,
Ko = constant,
NiBy = 0, (3.9)
R1Ro = —QB%.
Corollary 3.5. If v is null biharmonic, then N1 = 0.
Corollary 3.6. (see [21]) If N1 =0, then
T(s) = sinh Vpe; + sinh ¥ sinh ®(s)eg + sinh ¥q cosh ®(s)es, (3.10)

where ¥y € R.
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4 Bertrand Mate Of Null Biharmonic Curves In The Lorentzian
Heisenberg Group Heis?

Definition 4.1. A curve ~v: 1 — M with k1 # 0 is called a Bertrand curve if there exist a
curve v : 1 — M such that the principal normal lines of v and 7~ at s € I are equal. In this
case 7 is called a Bertrand mate of v on Lorentzian manifold M [9].

Theorem 4.2. Let v: 1 — M be a Bertrand curve parametrized by arc length . A Bertrand
mate of v is as follows:

F(s)=7(s)+ AN (s), Vsel, (4.1)

where X is constant [9].

Theorem 4.3. Let v : I — Heis® be a null biharmonic curve parametrized by arc length.
If 7 is a Bertrand mate of -y, then the parametric equations of ~ are

Z(s) = Qsinh ¥ysinh((a — 2sinh ¥p) s+ o) + c1,
y(s) = Qqsinh ¥gcosh((a —2sinh ¥y) s + o) + c2,
[sinh W2 el
1) K1
—Qy (a + 2sinh ¥g) sinh? ¥ sinh 2((a — 2sinh ¥g) s + o)

+ [—%1 + ¢ (a + 2sinh \IJO)} sinh ¥ cosh((a — 2sinh ¥y) s + o) + cs,

sinh ¥o — (4.2)

where €1, Ca, €1, Ca, c3 are constants of integration and

1 A
Q9 = |—+ — 2sinh ¥
! [a— 2sinh ¥y * K1 (a+2sin 0)] ’
1 A
0 = - 5~ 3 _ 5| -
2 (a — 2sinh ¥y) 2k7 (a — 2sinh Uy)

Proof. The covariant derivative of the vector field T is:

VT =Tie, + (Ts + 2T1Ts)es + (T4 + 2T1T3)es. (4.3)

From Eq. (3.10) and Eq. (4.3), we have

VrT = (®(s)sinh¥gcosh®(s) + 2sinh? ¥y cosh ®(s))es
+(®'(s) sinh W sinh ®(s) 4 2sinh? ¥ sinh ®(s))es.
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Since |V1T| = k1, we obtain

®(s) = ((a —2sinh ¥g) s +0)s + o,

where a = i\/4sinh Uo+ —2L— and o € R.

sinh? ¥

Using Eq. (2.1) in Eq. (3.10), we easily have:

Z—x = sinh ¥y cosh((a — 2sinh ¥y) s + o),

s

dy : : .

T = sinh ¥g sinh((a — 2sinh ¥y) s + o),

dz . .

= sinh ¥ cosh((a — 2sinh ¥y) s + o)
s

—x(s) sinh ¥ sinh((a — 2sinh ¥y) s + o).

On the other hand, using Eq. (4.3) and Eq. (4.4), we have

V1T = (a+ 2sinh ¥y)sinh g cosh((a — 2sinh ¥y) s 4 0)er
+ (a 4 2sinh ¥y) sinh ¥y sinh((a — 2sinh ¥y) s + o)es.

By the use of Frenet formulas (3.1), we get

1
N=—VrT
K1

1
= — (a + 2sinh ¥g) sinh Wy[cosh((a — 2sinh W) s + 0)es
K1
+sinh((a — 2sinh ¥yp) s + o0)es]

From Eq. (2.1), we have
0

- — €3,

ox

= ey + zes, =ej.

dy 0z

Substituting Eq. (4.8) in Eq. (4.7), we have

1
N = — (a + 2sinh ¥) sinh ¥y (sinh((a — 2sinh ¥y) s + o),
K

1
cosh((a — 2sinh Wy) s + o), —x(s) cosh((a — 2sinh V) s + 0)).

(4.4)

(4.5)

(4.6)
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Finally, we substitute Eq. (4.9) and Eq. (4.5) into Eq. (4.1), we get Eq. (4.2). The proof is
completed.

Corollary 4.4. The parametric equations of ~ null biharmonic curve are

1

l’(s) = m Slnh \IIO Slnh((a - QSlnh \IIO) S + O') —|— Cl’

= (@ = 2smh @) SR Wocosh((a = 2sinh Wo) s 4 o) + ¢,

[sinh ¥()? ) (4.10)
a — 2sinh ¥y
1
5 (@~ 2sinh Up)? [sinh Wo]? sinh 2((a — 2sinh ¥g) s + o)
- 0

_#ilnhllfo sinh Wy cosh((a — 2sinh ¥y) s + o) + c3,

z(s) = [sinh ¥y —

where a = :I:\/4sinh Wg + sinl’fié% and Wg,cq,co,c3,0 € R.
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