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Abstract

As we have announced in the title of this work, we show that a broad class of
linear evolution equations are exactly controllable. This class is represented by
the following infinite dimensional linear control system:

Z=Az+4Bu(t), t>0,z€Z, u(t)eU

where Z, U are Hilbert spaces, the control function u belong to L(0,t1;U),t; >
0, B € L(U,Z), A generates a strongly continuous semigroup operator T'(t)
according to [5]. We give necessary and sufficient condition for the exact con-
trollability of this system and apply this results to a linear controlled damped
wave equation.
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1 Introduction

In this work we prove that a broad class of linear evolution equations are exactly
controllable. This class is represented by the following linear infinite dimensional

control system:
Z=Az+ Bu(t), z(t)e Z, u(t)eU t>0, (1.1)

where Z,U are infinite dimensional Hilbert spaces, the control function u belong
to L2(0,t1;U),t; > 0, B € L(U,Z), A generates a strongly continuous semigroup
operator T'(t) according to [5].

As a motivation we shall consider the following finite dimensional linear control

system

2= Az+ Bu(t), z(t)e R", u(t) e R™, t>0, (1.2)

where A and B are matrices of dimension n x n and n X m respectively, and the

control function u belong to L?(0,¢1; IR™). The following Lemma can be found in [3].

Lemma 1.1 The following statements are equivalent:
(a) System (1.2) is controllable on [0,1].

(b) B*eMtz =0, Vte[0,t1], = 2=0,

(¢) Rank BEABEAZBE-uA”—lB} —n

(d) The operator W(ty) : IR" — IR" given by:

t1 .
W(t) :/0 A=) ppreA (hi=s)gs, (1.3)

18 tnwvertible.
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Moreover, the control u € L*(0,t1; IR™) that steers an initial state zy to a final

state z1 at time t; > 0 is given by the following formula:
u(t) = B eV MWl — eMiy). (1.4)

In this work we generalize this result for the infinite dimensional linear system (1.1)
in Hilbert spaces , in the following way: The system (1.1) is exactly controllable on

[0,t] iff the linear bounded operator W(ty) : Z — Z given by:
t
Wz = / "It — $)BBT () — s)zds, (1.5)
0

is invertible. This result completes Theorem 4.1.7 from [2].
Moreover, the control u € L?(0,t;; U) that steers an initial state zy to a final state

z1 at time t; > 0 is given by the following formula:
U(t) = B*T*<t1 - t)Wil(Zl — T(tl)Zo). (16)

Finally, we apply this result to the following controlled linear damped wave equa-

tion
Wy + cwy — dwg, = u(t,x), 0<zx <1 (1.7)
w(t,0) =w(t1)=0, telR '
where u € L*(0,t1; L*[0,1]).
2 Exact Controllability
Now, we shall give the definition of controllability for the linear system
i=Az+Bu(t) ze Z, t>0. (2.1)

For all zy € Z the equation (2.1) has a unique mild solution given by

() = T(t)z +/0tT(t — )Bu(s)ds, 0<t<t. (2.2)
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Definition 2.1 (Exact Controllability) We say that system (2.1) is exactly con-
trollable on [0,t1], t, > 0, if for all 29,21 € Z there exists a control u € L*(0,ty;U)

such that the solution z(t) of (2.2) corresponding to u, verifies: z(t1) = z1.
Consider the following bounded linear operators
¢
G L20,t;U) — Z, Gu:/lT(tl — 5)Bu(s)ds. (2.3)
0

t1
W:Z—Z Wz= / T(ty — s)BB*T*(t; — s)zds. (2.4)
0

Then, the following proposition is a characterization of the exact controllability of

the system (2.1).

Proposition 2.1 The system (2.1) is exactly controllable on |0, 1] if and only if, the

operator G is surjective, that is to say
G(L*(0,t,;U)) = Range(G) = Z.
The following Theorem is a version of Theorem 2.1 from [1], pg. 56 in Hilbert spaces.

Theorem 2.1 Ifu € L*(0,t,;U) and U, Z are Hilbert spaces, then (2.1) is exactly

controllable iff there exists v > 0 such that
VBT (tr — )zl 2000y 2 [I2llz, 2 € Z. (2.5)

Now, we are ready to formulate the main result on exact controllability of the

linear system (2.1).

Theorem 2.2 The system (2.1) is exactly controllable on [0,t1] if and only if the
operator W is invertible. Moreover, the control u € L*(0,ty;U) steering an initial

state zg to a final state zy at time t; > 0 is given by the following formula:

u(t) = B*T*(t; — )W (21 — T(t1)20)- (2.6)
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Proof Suppose the system (2.1) is exactly controllable on [0,%;]. Then, from the

foregoing Theorem we obtain

VBT (8 = )zllze = |2ll7, z€ Z

ie.,
o [T 2 2
P [T (0 = )2 = e, 2 e 2
ie.,
t1
72/ < BT*(t; — 8)z, B T*(t; — 8)z >pu> 2|3, 2 € Z
0
ie.,
t1
72/ < T(t, — $)BB T (t; — )2, 2 >pu> ||2]%, 2 € Z.
0
Therefore,

1
< Wz, z >> ?HZHQZ> z € Z. (2.7)

This implies that WV is one to one. Now, we shall prove that W is surjective. That is
to say

R(W) = Range(W) = Z.

For the purpose of contradiction, let us assume that R(W) is estrictly contained in

Z. Using Cauchy Schwarz‘s inequality and (2.7)we get
1
IWz|| = ?Hzllz, z € Z,

which implies that R(W) is closed. Then, from Hahn Banachs Theorem there exists

zo € Z with 2y # 0 such that

<Wz,20>=0, Vze Z.



6 E. ITURRIAGA and H. LEIVA

In particular, putting z = zg we get from (2.7) that
1 2
0=< WZ(],ZO >> ?HZOHZ.

Then zy = 0, which is a contradiction. Hence, WV is a bijection and from the open
mapping Theorem W™! is a bounded linear operator.
Now, suppose W is invertible. Then, given z € Z we shall prove the existence of

a control u € L? such that Gu = 2. This control u can be taking as follows
u(t) = B*T*(t; — )W 'z
In fact,
Cu = /O " Tty — $)Bu(s)ds /0 "Dt — $)BBT (h — s)W Leds = WW 1z = 2.

In the same way we can prove that the control u given by (2.6) steers the initial state

2o to the final state z; in time ¢;.

O
Lemma 2.1 Suppose system(2.1) is exactly controllable. Consider z € Z, the control
ug(t) = B*T*(t; —t)W 'z
and the set
S, ={ue€ L*0,t;;U) : Gu = z}.
Then
Juol| = nf{[[ul| : u € 5.}
Proof Consider the following equalities

|| = [Juo + (w — wo)||* = |Juo|* + 2Re < ug, u — ug > +|lu — wul|*, u € S..



EXACT CONTROLLABILITY of LINEAR SYSTEMS 7

on the other hand,

t
<up,u—1uy> = < / 1 B T*(t; — s)W 2, u(s) — uo(s) > ds
0
t1
= < / Wz, T(t, — s)Bu(s) — T(t, — s)Bug(s) > ds
0
= <Wl2 Gu—Guy>=<W 2,2 —2>=0.
Hence,
lull* = [luol* = lu — uo||* > 0, u € S..

Therefore, [|ug|| < ||ull, we€ S, and ||upl = ||u| iff up = wu.

3 Applications

As we have announced in the introduction of this work we apply this result to the
following controlled linear damped wave equation

{ wy + cwy — dwg, = u(t,x), 0<z <1 (3.1)

w(t,0) =w(t,1)=0, t€ R
where u € L*(0,t; L?[0, 1]).
In the space X = L?[0,1] this system can be written as an abstract second order

ordinary differential equation. To this end, we consider the linear unbounded operator

A:D(A) C X — X defined by Ap = —¢,, where

D(A) = {6 € X : 6,6, arcac, b eX; 6(0)=6(1) =0}  (32)

The operator A has the following very well known properties: the spectrum of A

consists of only eigenvalues

D<A < <<\, — 00,
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each one with multiplicity one. Therefore,

a) There exists a complete orthonormal set {¢,} of eigenvectors of A.

b) For all x € D(A) we have

Ax = i An < T, 0p > Op = i B, (3.3)
n=1 n=1
where < -, - > is the inner product in X and
E.,x =<2x,¢, > ¢,. (3.4)
So, {E,} is a family of complete orthogonal projections in X and
r=y >, Ez, x¢eX

c¢) —A generates an analytic semigroup {e~4*} given by

e My =Y eME,a. (3.5)
n=1

d) The fractional powered spaces X" are given by:
X' =DA") ={z € X : > (M) Enz|* < oo}, 7>0,
n=1

with the norm
s 1/2
lall = A2 = {Z A?JHEW} Cpex,
n=1

and
Az => N E,z. (3.6)
n=1
Also, for r > 0 we define Z, = X" x X, which is a Hilbert Space with norm given by:

I~

2
= [Jwl|? + [|v]*.
Zn
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Using the change of variables w’ = v, the second order equation (3.1) can be written
as a first order system of ordinary differential equations in the Hilbert space

Zl/g = D(Al/Q) x X :X1/2 x X as:
' =Az+4Bu, z € Zyp, t>0, (3.7)

where

o w o 0 . 0 IX
N AR ) RO B R
A is an unbounded linear operator with domain D(A) = D(A) x X.

We shall use the following Lemma from [4] to prove the next Theorem:

Lemma 3.1 Let Z be a separable Hilbert space and {A,}n>1, {Pn}n>1 two families
of bounded linear operators in Z with {P,},>1 being a complete family of orthogonal
projections such that

A,P,=P,A,, n=1,223,... (3.9)
Define the following family of linear operators
Tt)z=> e Pz, t>0. (3.10)
n=1

Then:

(a) T(t) is a linear bounded operator if
le*[| < g(t), n=1,2,3,... (3.11)

for some continuous real-valued function g(t).
(b) under the condition (3.11) {T(t)}i>0 is a Cy-semigroup in the Hilbert space Z

whose infinitesimal generator A is given by

Az=> A,P,z, z¢€ D(A) (3.12)

n=1
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with

D(A) = {2¢ 7 ijjl 1A, Poz|f? < o0} (3.13)

(c) the spectrum o(A) of A is given by

o(A) = Ej o(A,), (3.14)

n=1

where A, = A, P,.

Theorem 3.1 The operator A given by (3.8), is the infinitesimal generator of a

strongly continuous group {T(t)},.p given by
T(t)z=> e Pz, z€Zyp, t>0 (3.15)
n=1

where {Pn}n20 is a complete family of orthogonal projections in the Hilbert space Zy3:

P, =diag|E,,E,] ,n>1, (3.16)
and
A, =B, B,—| O 1 > 1 (3.17)
n - n+ ny n - _dAn —c 7n— * N

This group decays exponentially to zero. In fact, we have the following estimate

1T < M(c,d)e2", >0, (3.18)
where
M(c, d VAadN, — 2 An
(¢, d) =sup\ 2 s ¢ A2+ d)y ) ———] -
2v/2 n>1 V2 —4d, \ 4a), — 2

It is known that the linear damped wave equation

7 =Az+Bu z€ Zy, t>0, (3.19)
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is controllable on [0,%1] for ¢t; > O(see [1] and [2]). Nevertheless, we will give here
a different and nicer proof of it, for better understanding of the reader and self-
contained work. To this end, we project the system (3.19) on the range R(F;) of P;

to obtain the following family of finite dimensional systems
Yy = A;Pjy+ PjBu, yeR(P); j=1,2,...,00. (3.20)
Then, the following proposition can be shown the same way as Lemma 1 from [3].

Proposition 3.1 The following statements are equivalent:
(a) System (3.20) is controllable on [0, t1].

(b) B*Pre'i'y =0, Vte[0,t1], =y=0,

(c) Rank [PJBEA]-P]-B] =2

(d) The operator W;(t1) : R(P;) — R(P;) given by:

t1 «
Wi(t) = /0 e~ 45 BB e~ 434 ds, (3.21)

18 1nvertible.
Now, we are ready to prove the exact controllability of the linear system (3.19).

Theorem 3.2 The system (3.19) is exactly controllable on [0,t1] and the control
u € L*(0,ty; X) that steers an initial state zy to a final state z; at time t; > 0 is given

by the following formula:
u(t) = B*T*(—t) Y W (t1) Pj(T(—t1)z1 — o). (3.22)
j=1
Moreover,

W(t)z = /Ot1 T(—s)BB*T*(—s)zds = i W;(t1) Pz,

j=1
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and

W (t)z =Y W, (t) Pz
j=1

Proof . First, we shall prove that each of the following finite dimensional systems is

controllable on [0, ¢1]
y = A;jPjy+ P;Bu, y<€R(P}); j=1,2,...,00. (3.23)

In fact, we can check the condition for controllability of the systems

B*Pre®ity =0, Vte[0,ty], =y=0.
In this case the operators A; = B;P; and A are given by

Bﬂ‘:[—gAj —1(;] A:l—dj —Ic);]
and the eigenvalues o1(j), 02(j) of the matrix B; are given by
01(J) = —p+ily, 03(j) = —p —ily,

where,

and

L

cos l;t + f sin l;t

1
eBit — it {cos [jtI + —sinlt (B; + cI)}

sinl;t
—put lj

- —dS(j))\Jl-/2 sinljt - cosljt — 5i-sinljt ] ’
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. 1
eBit — ot {cos Litl + T sin [;1 (Bj + /L[)}
J
cos [t + 57 sinl;t UL ]
J

dS ()M sin lit  cosljt — 5 sinljt

= ei'LLt

J

0 . . foo
B—llX], B*=10,Ix| and BB —lo IX].

Now, let y = (y1,y2)" € R(P;) such that
B*Pretity =0, Vt € [0,t].

Then,

Cc

e M ldS(j))\}/2 sinl;ty; + (cos It — 51
J

sin lﬂf) ygl =0, Vtel0,t],

which implies that y = 0.

From Proposition 3.1 the operator W;(t;) : R(P;) — R(F;) given by:

t1 . t1 « N
Wi(t)) = / e~ A BB e~ 4ds = P, /O e B BB e Bt ds P, = PW, (1) P,

0
is invertible.

Since

e < Medjer, Jle 57 < M(c, d)er,
e BB 1| < M2(c,d)|| BB e,

we have

[W;(t)|| < M?(c,d)||BB*||e*" < L(c,d), j=1,2,....

Now, we shall prove that the family of linear operators,

Wfl(tl) = W;l(t1>a . Zl/g — Zl/g
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is bounded and ||[W;!(t)]| is uniformly bounded. To this end, we shall compute

explicitly the matrix Wj_l(tl). From the above formulas we obtain that

where
o) = coslyt + - sinlt, b(7) = 52
2l; L
' 212 . .
c(]) = dS(])Aj sin ljt7 d(]) = COS ljt — o sin ljt7
J
and
) A\
S0) =\ 3 =
Then
Bjs %« —B*s _ b(j)c(j)/\;m] —b( )d(j)]
e BB e j ‘ Y /
—d(j)c(/)NT  d2(5)I
Therefore,
w asGN 10 (s
Wi(t) = [ L 1]7211(7). ljle(.j) ] |
—dS(j)N; "ka(j)  koa(J)
where

t1
ki1(j) = /0 eQCssiHQstds

¢ Lo
ki2(j) = —/01 e’ lsinljscosljs — CSI; J8‘| .
j
t1 . 21'
ka1 () = /0 % lsinljs cosl;s — 081;1# J‘S] ds
j

t1 1 l 2
kao(j) = /0 28 [cosljs — CS;;JS] ds.
j

The determinant A(j) of the matrix W;(¢;) is given by

dS (A2

A(j) = TJ (F11()k22(5) — K12(4) ka1 ()]
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J J

t1 csin? ;s 2
- / e |sinl;s cosljs — I~ lds) }.
0 2l]

Passing to the limit as j goes to oo, we obtain,

dsS '/\1./2 t t 772
= (]l> ¢ {(/ " 625 gin? ljsds> (/ e [cos ljs — CS;IZIZJS] ds
A 0 0 .

i A( ) <e2ut1 _ 1)(1 — QeMt1 ¢ e2ut1)
1m .
j00 24N3

Therefore, there exist constants Ry, Ry > 0 such that
0< Ry <|A(j)] < Ry, 7=1,2,3,.
Hence,

W) =

Koz (7) )
A dS( ))\;/2/?21(j) (]liA/ k11 (f)

l b (j bm(jw
bor (j }/2 boa(j) |

where b, ,(j), n = 1,2;m = 1,2;j = 1,2,... are bounded. We can prove the

existence of constant Ls(c, d) such that
W (t1) 2,0 < Lae,d), j=1,2,....
Now, we define the following linear bounded operators
W(t1) : Zijs — Zije, WHt) 2 Zijg — Zipa,

by
W(t)z =Y Wj(t) Pz, WHt)z =Y Wy (1) Pz
j=1

j=1
Using the definition we see that, W(t;)W™1(t1)z = z and

W(t)z = /Ot1 T(—s)BB*T*(—s)zds.
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Next, we will show that given z € Z o there exists a control u € L*(0,#; X) such

that Gu = z. In fact, let u be the following control
u(t) = B*T* (=)W (t1)z, t € [0,t].

Then,

t1

T(—s)Bu(s)ds

t1

T(—s)BB*T*(—s)W ™! (t1)zds

S— S—

/0t1 T(—s)BB*T*(—s)ds) W)z

I
VRS

= W)W )z = 2.

Then, the control steering an initial state z to a final state z; in time ¢; > 0 is given

by

u(t) = B*T* (=)W (t1)(T(—t1) 21 — 2)

= B'T*(—t) ij Wi () P(T(—t1)z1 — o).
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