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Existtmce and Stat~ilitv ~ j f  a Bounded Solution for 
Noniinear Stronglv .. .. Damped Iliavc Equations 

Abstract 

In r h ~ s  paper we studv the existence and the  stabrlitv of bounded vr 
l u r ~ o l ~ s  i t !  the foiloa~ing non-linear Stronglv Damped Wave Equatro~~c 

w ~ t h  horoogenwus Dirlrhlet bouhdary conditions 

where ,f . R x IR -+ F! i!: a rontinuous and glohally Lipschitz hnrr ic~n 
wir i .  ..) Lips(.h1:7 r o n s t a ~ ~ t  L > 0. 11 is a bounded domain in R"(.Y > 
i ! R o ~ ~ z h l y  .;peaking wrs .hall prow t . h ~  following result: if 

a.hrre I; !s :he 5rst eigenvalue of -1. [,hen the qliat.ion admits onl!~ 
one b~lln(ic.ci :elution which 15 exponentiaiI\- ;tablr Also, we prove 
'list for ionie big class of filnctiorls f this bounded qolution is almoet 
pt>riodic 

Key words. %ziive t:quationh. bounded solu tiom. exponential stability. 
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I!) rhis paper we shall study the existence a n d  the stability of bounded 
i o lu t ions  for the  fo l low~ng  nonl inear  s t r o n ~ l v  danlpc~cl e q u a t i o n  wi th  homo- 
AcJneolls Dirichlrt  1,oundarv condit Ions 

, L f ,  A v ( - ~ p c '  - p i ,  -- - , ( -A = f [ t .  11,) 7 0 .  : d l ,  
.- 

.&!U. . r )  --- . I L Q ( X )  I L + ( ~ .  X I  = U O ( Z ) .  .r 5 $1 ! I  11 
r i = n. t o r E ar . 
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where f : R x W -t R is a continuous and globally Lipschitz filnct,ion with 
a Lipschitz constant. I, > 0. i.e.. 

9 is a bounded rlornaln In R ~ ( R :  2 1 ) .  We shall assume the follow in^ 
hvpothesis: 

H)  there exists L > 0 such that 

Under this assumption, roughly speaking we prove the following statements: 
If 

where X I  is the first eigenvalue of -A.  then the equation admits onl!? nut, 
bounded solut,ion which is exponentially st,ahle. Also. we prove that for solnc 
big class of functions f this bounded solution is almost periodic. Sorne idea& 
for this work can be found in [I], j2]? [3] and [4]. 

In [5]  they prove that the linear part of (1.1) generates an analytic seml- 
group of contractions {T( t ) ) r>O - ( J ( T ( t )  J J  < 1 ) .  Here we prove easily that t h i ~  
semigroup is analvtic and decay exponentilly to zero. Moreover. 

2 Abstract Formulation of the Problem 

In this section we shall choose the space where this problem will be set as 
an abstract second order ordinary differential equation. 

Let X = L2(SZ) = L2(R. R) and consider the linear unbounded operator 
A : D(A) C X -s X defined bv '44 = -A4, where 

The operator -4 ha4 the following very well known properties: t.he spectrum 
of -4 consists of only eigenvalues 

each one with finite multiplicity r, equal to the dimension of the correspond 
ing eigenspace. Therefore. 
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a! t.here exis t .~  a romplet-e ort.honorma1 set i p, ,k I of rie;ctnvect.or ~if' .4 

I )  1 f'or all s E P ( A )  we have 

where < .. . --, is ?,he inner prodlrct in X and 

So. ( E n )  is a family of complete c>rthugonal projectiorls in .Y :ir~ri 
= Tx -,,= ER.r. .:- E .Y. 

8 I - - . A  zenerntec an ~nalvt ic  -crnicrorlp { e - " }  given t,v 

ri: 1 

l1enr.c.. the equation ! 1.1 ) can he a r ~ t  ten a5 a11 abst rat-t sernrlr! order ordi- 
nnry different131 q ~ i a t i o n  in S a s  fi)l~ow 

( I,," $. 7.4' ;2 "' + ? .1?* = f ' ; [ ,  ;,. \ .  , 1.2, - - 0. (2.6) \ ~ ( 0 )  = uc,. ~ ' l i ) j  = G o .  

u.here .[' : R, x ,Y i .Y is given bv: 

Now. rnaklnq t h e  following rhange of variable 1:' = u WP can write the second 
~rcler equation ! 2.6)  as first order systen~ of ordinar? c-lifkrential equations 

in the Hilhert space Z = X A' as follow: 



where 

0 
z =  ( E ) .  F ( t . z ) =  ( u ) ) ;  and A =  0 f " ( t ,  

(2 .9 )  
is an unbounded linear operator with domain D ( A )  = D ( A )  x D(A' /?) .  

The proof of the following Theorem follows from Lemma 2.1 and 22 of 

161. 

Theorem 2.1 The operator A p e n  b y  (2.8). is the infinitesimal generator , 
of an analytic semigroup { T ( , t ) ) t , o  given b y  - 

wh,ere {P,,JnLo is a complete o r t h o g o d  projections in the H d h r t  space Z 
given b y  

P,, = d i a g ! E , .  En) , n 2 1 , (2.1 1 ; 

and 

Moreover. thrs semzgwup decay eqonentiallp to  zero. In fact. we have that 

where 

3 Existence of the Bounded Solution 

In this section we shall prwe the existence and the stability of unique 
bounded Mild solutions of the system ( 2 . 8 ) .  

Definition 3.1 (Mild Solution) For mild solution z ( t )  of (2 .8 )  with initial 
condition z ( t o )  = zo E 2. we understand a function given by 
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Remark 3.1 It  1s eaay to pmw th,ut any solution of (2.8) is a solution of 
! . ? . I ) .  It m.ay he thought that n ~o lu t ion  of (13.1) is always a solution of (2.8 1 

hut this as not true in genernl. Houiel!er. we shall prove in Theorem 4.1 thot 
hounded solutions of f?.  1 )  ars solritions of (2.8). 

\Vp skiall consider Zb = Cb( R. Z 1  the space of bounded and continuous 
illr~ct 1011s dehneci In R t aklng values In Z Zb 1s a Barlnch space with suprem 
norm 

, ~ l ( ~  = ~ u p { ~ l z \ t , , j ~  t E R), z E Zb. 

.A ball of radln p ;> 0 and center zero in this space is qven by 

The proof' of rtic following Lemma i~ similar to Lemma 3.1 of [4] 

Lemma 3.1 Let 2 he zrt Zh I f  . rs o maid solutron of :2.R), fhrn 2 1,s 1: 

.\olntsor~ of ttrf foilovv~ig nnt~qrnl eyurrtaorr 

If : 1,s a solution of /,3.2). then 2 7,s a mild .qolution of 1'2.21i for t 2 0. 

Tlle following Theorem refers t o  bounded Mild s o i r ~ t i o ~  of system (2.81. 
Even though. the proof is similar to Theorem 3.2 oi i2]. we will give the 
proof. 

Theorem 3.1 If for some 7 a n d  -y with q2 # 4 7  lire have that 

th.en t h , ~  equation '2 .8)  h,as one and only one hounded mrld soltrtion z b ( t ) .  
Moreo~jer. !hip bounded solution is th,e only bounded solution of the egua- 

l ion 19.1 j and i.7 ~xponentially stable. 

Proof Condition 13.3)  implies that for p > O h ~ g  enongh we have the fol- 
lo\virl,~ estimat r .  

1) <. L ,  6 , , j ( r / . - / )  - L t o  r 3.4 i 



where 
1/'2 @ = A, max Re { : 

For the existence of such solution. we shall prove that the following operat<or 
has  a unique fixed point in the ball B,b, T : B: -+ B: 

t 

T = Tit  - ~]F[S.Z(P),~S. I R 

In fact. for z E B: we have 

The condition ( 3 . 4 )  implies that 

Therefore. T z  E B: for all z E Bi. 
Now. we shall see that T is a contraction mapping. In fact,. for a.11 

: I .  r.2 E Bj we have that 

; : T Z I  ( t )  - TzZit)li 5 E - ~ ! t - s )  LIIzI(sI - z ~ ~ s ) / I ~ s  5 - ! / z l  - z2/jh. f E IF;.. 
L .  
-3 

Hence! 
L b 

Ilzi - Tz211t. < - j l l T z ~  - z2llb. 2 1 . 1 2  E Bp. 

The condition (3.4) implies that 

Therefore. T has a unique fixed point zb in B; 

From Lemma 3.1, z b  is a bounded solution of the equation (3.1) .  Since 
condition ( 3 . 4 )  holds for any p > 0 big enough independent of L < A(q. r I .  
t hcn zb is t,he unique hounded solution of the equation (3.1) .  
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To prove t,hat zh(t) is exponent~iallv stable in the large, we shall consider 
a,ny other solution z ( t  ) of ( 3 .  ! i and consider the following estimate for to 2 ( 1  

< , . . - 3 l , ,  I,, - 3 i t  - .. 
- . . ( . ? l  t o ,  - z & , ( t o 1 )  + F: LIJZI;S~ - ~ , , ( . ~ ) i j d . ~ .  

T!ie11. 

Flc~ic-r. a p p l v i n g  the Gronwall's ~r~eqliality we obtain 

From ( 3 . 4 )  we qet that L - .3 <: 0 and t.herefore z b ( t )  is expo~ttwt,ially stal,!e 
in t, h~ laryc-,. - 

Corolary 3.1 If f i s  periodic zn i nf perzod 7 ; f ( t  + -. I )  = f ( t .  ,C j j .  then. 
!!,, vniqlrc hounded solrrtion g i w n  h?l Th,cowrrt .!. I i.q also periodir 01 per, nit' 
- 

Proof  I.er 2 1 ,  be the  unique solut,ion of (3.1) in the ball R:. Then, z ( t )  = 

t + r\ i..: also a solution of the equation (3.1 1 lving in the t)a.ll P:. In facr . 
mrisider ,-(! = zl,(0) and 



Therefore. 

s ( t )  = T ( t ) z l , ( r )  + T ( t  - s )F( s . . z i s I )d .~ .  I' 
and bv the uniqueness of the fixed point of the co~itraction mapping T 111 

r h ~ s  ball. we conclude that t h ( t )  = zb (  t + T I .  t E R. - 

Remark 3.2 I.'nd~r .som,e condition the hounded .9oiutanr1, , p ! e n ,  h q  rh,eor~~rr( 
.;.I  rs almo~t  periodic: for e~nrnple 1 1 l f  can stu,dy th,e rnsc 111h,~n the .firnrtzon 
j i ias  the follonling form,: 

f ( t . < )  = g(<j + P ( t ) .  t.< E R. (3.:; 

11 hfre P E C I , ( ~ , .  R). the spore of ront~nuous and boi~nded filnrtrnn.5 

Coro la ry  3.2 Suppose j h,as the form, (3.5). Then hounded sofu.hon 2h ( . .  1'' 
71l.en h y  Theorem .?.I depen,ds r~n~tinuously on P E ChlR .  R). 

P r o o f  Let P: . P2 E Cb(R.  RI and PI ). z s r . .  P? 1 t ~ e  the bo~inrlcd f i i r l r  - 
tlone given by Theorem 3.1. Then 

Therefore. 



Lemma 3.2 Sl ippose  f i s  ii..? /'.1.5 1 .  Then,, if P ( t )  1.5 c~lmosf perrnd7.c. then 
+'ig, ?L?I,?.~uc; b n ~ ~ n ( i c d  .;ol71tl,cin. 1j.f the s i j o t e m  (3.1) qiue'rz h!l Th.eowrn 2. 1 is ll.l.~(i 

v:/r!i,7sf prTY0ijl:. 

Proof Tc prove this lemma. stlall use the following well known ia.cf.. due  
to 5 .  Bohr. .A frlnction f E (-'!I?: Z )  is almost periodic (a.p) if and only ii' 
rile Ill111 H i h  ; of' !I is c(1rnpac.r in t .hp topology of i~nifnrrn cc~nvergence. 

JVhrrp Hi i; is :he closlirr: ;-)f the sct of translat,es of h under the topolot.,y 

5C1,r.r. ttic. l in~ i t  ~f a unifc,rmly c;on\.ergent, sequence of a.p. filnctions is a p . .  
I i1('11 th(7 st~'t .-I,- r7f a,;). f11.nc.r.ions in' t ,he ball U: is closed. where is given 
i jv -F!it:ore~r~ 1 
C,:lajm. Tile : . o ~ l t r ; ~ c ~  ion rnappine, 7- %ivkn in ?'hc?vren~s 3 ! Ica,ves .-I, invli- 
? i> : l t . .  111 I ; i ( - i :  i f '  c E 4,,. t,h(.n hit i I- g ( z ( t ) )  - P! t )  is also an a.p. fiinctior~. 
, - 
. \ $  !u.. r.or~cidc~ . t ~ r .  t~ : r~c . t ion  

Thr>r:. ~t is enough t,o est,ab\ish t,liiit H i31  is c:ompai't in t,he t . ~ ) j ) ~ l o ~  1.1;' 

I I I I ~ ~ O T ~ I I  Ci)ljverqer1(.P. l.et { .F-:, j he any seq\ie~ic~- in Hi'F!. Sinct: h is a.p.  
u-c. ran selrt:t from { t i , - , }  a Cauchy s~ihseqliencl: ; irrc !. and we have that 

. T .  . 
i .,c~~.rt'cJrc. i Lr-, , j is a cauchr. sequence. So. H i F )  is i.r,mpa.ct. in t,he topoi- 

7- 

t IS?. c!f' 111iiforni t.c~ni.@rg~ni:c~. is ; t . r ~ .  a11ci ?'A,? Z .A,, 
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Now. the !~,nique fixed ncllrit trC T in t.he hall B: Lies in .4,. Hence. t hr 
~ l :~ jq~ ie  tmuntied soiiiriori L ~ ! :  ) of t h t ~  ttc\uat,ion 1 3.1 ) given in Theorem 3. I 1.. 

i ! k i j  : ~ l ~ l ( j ~ t  F , t a r i r d ~ i . .  

1 Smoothness of the Bounded Solution 

~ J I  T iiis part. u-c $ha!l prorr ;hat t he l-)o~indcd Mild solution Z b i  t )  of t.hp 
rs:iuarion : ' Z . Y l  is aiso a classic sollition of this oquatlon: that is to sav. wp 
-!:all pro, if ? \ ; t ~  5mc,orhness c - ~ t  t h ~ s  .<c~>lut,ion. With this we concludc~ this work. , 

Proof Lrt : I  iw rile onlv hr)rindeci m ~ l d  colut ion of "7 8'1 givcxt~ 'bv Theorem 
; 1 I - ~ F - I I  

n-ilrarc, q . . i  = Fis. :;,I,:I j .  'Ti~cjrc~ft..rt.-. ( I  C''ijB. .Z) ;in(! ' :p(s,: ,  5 i q ; : , .  v : 

-- 7:. ; i .  

L I~ !  115 1x1: 11 . q i  = Tit - .. '4'; . . - c - s. f I .  T l r ( ~  ri .q 1 IS  a (~or~r in~iou . \  
!llilc.t,~i,n. :-lncj c;ince ; T (  :I ).:..,, is itnalvtic. t,hen 

~~\15t . ,  

I r r  i'.ii.t. T I i c w  exists a ~ i , l ~ i p \ r ~ r  svst,em ~ l i  nrr hogonal !)reject it-,nr j q, ( n  I :,.; 

1 1 1  D?' S ~ J C I I  r11:)r 
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where. P,,, = q, ( n  )F,, is a curnplete e?.stem of orthogonal projections In Z 
Therefore. 

Hel l re .  A x ( s  l is a continuous filnct,ion on (-x. t ) .  Now. consider the fol- 
lowing improper inteqals: 

( )n the other hand. we h a r ~  r hat 

Th~rf.fore. t , h ~  improper int,e\gral 
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Low from Theorem 1.3 .i of '71 we have that 

,:-lrjdr E Dl A). and A r ( ~ ) d s  = lx ~ ( a ) d n  

1 

' Tlf - i )g( r  1d.s E UIA).  and -4 T ( t - ~ ) ~ ( s , l d i  = /__ AT(t-r)g(s)ds. 
. Y 

Now. we are ready to prove that z b ( t )  is a solut,ion of (2.81. In fact. consider 

1 - $ 1 1 1 ~  the  definition of infinitesimal generator of a wmigroup and passing t,o 
' ! i f ,  l~nljt FLY ,I --t 0' we get rhat 
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