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Abstract. Hereditarily locally compact spaces are characterized
as those locally compact spaces, which are simple extensions of

~

discrete spaces.
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Introduction. If a sirmple extension of a discrete space is

locally compact, then it is hereditarily so. Surprisingly the
converse also holds, i.e. every hereditarily locally comrnact
space is a simple extension of a discrete space. The aim of

this note is to prove this fact.

Preliminaries. All spaces in cguestion are supposed to be

Hausdorff. A dense embeddina e:(X,T) + (Y,S) is called a simple
extension of (¥,T), provided e [X] is open in (Y¥,S) and the
subspace of (Y,S), determined by the set Y\e[X], is discrete
(see B. Banaschewski [1]). A simple extension e:(¥%,T) =+ (Y,S)

of (X,T) is called a simple local compactification of (X,T) ,

provided (Y,S) is locallyv compact. A simple local compactification
e: (X,T) » (Y,S) is called raximal, provided there does not exist
any proper local compactification c¢:(Y,8) =+ (Z,R) such that

c.e: (X,T) » (Z,R) is a sirple extension of (X,T). A space (Y,S)

is called a (maximal) simple local compactification of a space
(X,T), provided there exists a map e:X *+ ¥ such that e:(¥%,T) »

+ (Y,S) is a (maximal) simple local compactification.

For any set A and any set R of infinite subsets of A such that

any two members of B have finite intersection, we will construct



a simple local compactification e (A,P2) > ( X T

(a,R)° X@2,n Tar
as follows: (1) PA = {C /C < A} is the discrete topology on A. (2)

. e s . P o ¥ { 5
X(A,B) is the disjoint union of A and R. (3) e:2 » % (a,R) is the
natural embedding, defined hy e(a) = a for each a € A . (4)

T(A R) is the set of those subsets D of X( satisfyinag the
[4

A,R)’
condition that B ¢ DNR impiies that R~ D is finite. [In

B.Banaschewski's suggestive *erminologyv: (&,PA) » (

e :
(A,R)
T(A B)) is the simple extension of the discrete space (A,P1),

3y
determined by the familv [FE / P e B) of trace-filters

Fp = {CeB | B C finitel}].

Results

Theorem 1. For any space (Y,S) the following conditions are
equivalent.

(1) (V,9) is hereditarily locally compact,

(2) (Y,S) is a simple local compactificatidn of a discrete space,

(3) (Y,€) is hormeomorphic to a space (3 ) for suitarle

4 , T
(A,B) (A, R)
A and T,

Proof: (1) => (2). Let ¥ he the set of all isolated points of
(Y,8), let T be the discrete topology on ¥, and let e+ X » Y
be the natural embedding, defined by e(x) = x for each x € ¥ .,
We will show that the embecd?inc e (Z,T) » (Y,8) is a simple

local compactificatién. First, assume e[X]= X were not dense

in (Y,8). Then there would exist a non-empty, open subset A of

YNX with compact closure. V¥Fence there would exist a secuence of

)

¢
(ap)



pairwise disjoint open subsets An of A , a seauence of
clements a € An , and an adherence noint v of {anIn e M1},
Consequently the subspace of (Y,S8), determined by the set

{ylv \J{An'\ {an} | n e M}, would not he locally compact at
y, contradicting condition (l). Hence e:(¥,T) -+ (Y.,S) is

an open, dense cmbedding. Tt remains to show that the subsmace
(7,R) ot (Y,S), determined t the set T = YNX, is discrete.
To -see this, let = be an ~lement of 7. £ince the subspace
of (Y,8), determined by the set Xuv{z} , is locallv corpact
there exists a neighlourboo® U of 2z in (Y,S) such that

U n (¢vJ{z}) is compact. This implies 7 n int .. U= {z},

(v,¢
since otherwise U n (Yw{z}) woul® not be close? in (Y,S) and
hence could not ke compact. Therefore = is isolated in (Z,R),

hence (Z,R) is discrete.

(2) => (3) Let (X,T) be a discrete space and e:(¥%,T) > (V,S)
be a simple local comractification. For cach y € Y~e[X], the
set e[X]u{y} is a neightourrhood of y in (Y,S). Fence there
exists a compact neighbourho:? KY cf y in (Y,S) with

Kyc: e[Xx]u{v}. Since =[] is dense in (v,S) and (Y,€) is

a Mausdorff spacs , each sot Hy ig infinite. Since the subspace
of (¥,8), determined by ¥_ ., is compact ana e[¥] consists of
isolatnd points only, everv ncighbourheood of y meets every
infinite subset of Kv' By Faasdorffness of (V,5) this implies

that Kyf\ K_ 1is finite for anv two different elements v and =z

of Y\e[X]. With A =¥ and B = {r, {y} | v ev~elx]}, the



extensions e (¥,™ > (¥ ) and e(¥,7) » (Vv,S

(A,P)° @a,2)" TR

are obviously equivalent. In particular, the spaces

(X(A,B)’ T A,R)) and (Y.8) are homeomorphic.
(3) => (1) Straightforeward.

Corollary. Fvery hereditarily locally compact space 1is

scattered, secuential, and an extension of a discretge space,

which is simultaneously sim»ie and strict.

Theorem 2. For any space (Y,f£) the followina conditions are

ecuivalent:

(1) (Y,8) is a maximal simple local compactification of a

discrete space,
(2) (Y,S) is pseudocompact and hereditarily locallv compact,

(3) (Y,S) is homeomormhic <c a space (X(p R) ’ q)), where
PO -

T
(A, B

A 1s a set and R ieg a set of infinite subsets of A,

wbhich is maximal with resnect to the property that any two

of its members have finite intersection,

(24) (Y.&) is reqular, a =simnle extension of a discrete space,

and every closed sct of isolated pointe in (Y,S8) is finite.

Pfoof: (1) => (2). Let (¥.T) be a discrete space and let

e: (X,T) » (¥Y.S) be a ma¥imal simple local compactification of
(X,T).ﬂ According to theorer 1, the space (Y,S) is hereditarily
locally compaét, If it wer: not pseudocompact, there would
exisf a seguence (y_) in e[X] and a continuous map f from

(Y,S) into the reals with 1lim f(yn) = o , This would -~ in

n->00



-5

contradiction to (1) - allow the construction of a prover
local comwactification c:(Y¥.S) = (7,P) of (Y,€) such that
c.e: (X,T) » (7,P) were simmlae. 2&s £ one could chose the
disjoint union of Y with a sinagleton set {zo} ;, ds ct Y>7
the natural omtedding, ar mopolooy R the set of all subsets

R of T satisfying the fcllowing 2 conditions:

(a) RN Y €S

(k) if =z e R then {yn} ne N}INR is finite.

(2) => (3), Iccordinc to theorem 1, (¥,8) is homeomorphic to

a space (Y(A,R)’ T(A,P)) for suitahle A and P. If P
would not be maximal, there would exist an infinite subset

C of A, meeting each R £ B in at most finitely many points.
Fence C would determine an infinite, clonen, Jiscrete sub-

space of (¥ ), contradictina the pseudocompactness

(2,8)" " (a,B)
of the latter.

(3) => (/). Straightforeward.

(4) => (1). Let (X,T) be a “iscrete space and let e: (¥X,7) ~»
+ (Y,S) be a simple ~xtension of (X,T). For any vy € Y, the
sect e[¥X]U{v} is a neiawrourhood of v in (¥,S). Tflerce there
evists a closnd nriahbourhood U of v with " c e[¥]U{v}.
For arv neichhourhood YV of vy, the set "NV is a closed set
of isclated woints in (V,f)., and honeoe finite. Consacuvently

" is a comract noeichhourheod of v. Thus e2-(¥X,T) - (Y,€) is
a simple local compactification of (X,T). To show maximality,
let c:(Y,S)> (Z,R) be a local compactification of (V,S) such

that c.e. (¥.T) » (7.R)is a simle evtension of (¥.,7). Then c- (¥,S)>(7,R)



must be imrroncr, since cotherwise there would exist an element

z ¢ 7~c[v] an® a compact nriohtourhood ¥ of = in (7,7)
with Xcc.e[X]UV{=}. Consceuortly e [K] woul® ke an
infinite, closed suhsct of I:nlat=d noints in (V,), oontradictinag

condition (4).
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