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ABSTRACT

Let Uy be a Baire measure on T, a locally compact Haus
dorff space. If u is the regular Borel extension of My as
given in Halmos [4 ] and 1 is the regular weakly Borel ex-
tension of My obtained via the Riesz representation theorem

given in Rudin [ g ]Jor Hewitt and Stromberg [5 ] , then an
explicit description of ﬁ in terms of the outer measure n*
induced by u is given, thereby clarifying the implicit con-

nection between the results of Halmos [4] and those of Rudin

[6 ]

RESUMEN

Sea M, una medida de Baire en T, un espacio localmente
compacto y de Hausdorff. Si u es la extensidén regular Borelea
na de M, como se didé en Halmos [4] ¥y ﬁ es la extensidn regu
lar débilmente Boreleana de M deducida a través del teorema
de representacidén de Riesz dado en Rudin[ 6 ] o Hewitt y Strom-
berg [ 5] , entonces damos una descripcidn explicita de 1 en tér
minos de la medida exterior u* inducida por u. Este estudio

aclara las conexiones implicitas entre los resultados de Halmos

[4] vy los de Rudin [6]

(*) Supported by the C.D.C.H.T. project C-S-150 of the Universidad de Los
Andes, Mérida Venezuela.



Let T be a locally compact Hausdorff space. U(respy. uo)
is the family of the open sets (respy.open F; sets)inT; cﬁespy.
CO) is that of the compact sets (respy. compact G5 sets) in T.
For a family F of sets in T let S(F) denote the o-ring gene-
rated by F. Let B, = S(CO), B= S(¢c) and W = S(u). The mem
bers of Bo(resp. B, W) are called Baire (respy. Borel, weakly
Borel) sets of T (vide [1 ]). A measure is a positive measure.A

measure m on B (respy. B , W) is called a Baire (respy. Borel,

weakly Borel) measure if m(C) < o« for C ¢ CO (respy.C € ().

For a ring R of sets in T, H(R) denotes the hereditary
o-ring generated by R. If u 1s a measure on R let u* be the
outer measure induced by y on H(R) and let Mu* be the o-ring of
all py*-measurable sets in H(R). Let 1(y) = {EC T: ENA ¢ Mu”
A ¢ Mu* } . It is known from [3] that 1 (u) is a g-algebra,

r(p):D'Mu* and the set function

T*(E) = sup { u*(F): E DF ¢ Mixl , B e 1)

is a measure on t(u) and ¥ | Mu* = u*. Hence: by abuse of

notation we shall denote u* by u* and the measure 1* on t( 1)
is said to be induced by u.

Definition 1: Let m be a weakly Borel measure on W. We say that

m is regular if
(i) m(B) = inf {m(U): E € U e (4}, E e W

and

(ii) m(U) sup{m(C): U DC e C}, U e U



A Borel (respy. Baire) measure m is said to be regular if

(i') m(E)

sup {m(C): E DC ¢ C},

(ii)m(E) = inf {m(U): E €U € BOVU} ,

”~

for E € B, where B= B(respy. B ) and c = C(respy. CO).
v o

By Theorem 52.G of [4] every Baire measure M, on T is
regular and by Theorem 54.D of [4] H, can be extended (uni-
quely)to a regular Borel measure p on T. Let A = Srf dLb s
f e CC(T). Then A is a positive linear form on CC(T) and hence
by the Riesz representation theorem given in Chapter 2 of [6]

or in Chapter 3 of [5] there exists a regular weakly Borel

measure i on T such that
af = S fdn L £e com
T c

Then ﬁl B 1is a regular Borel extension of Mo and hence
4 | B =u . Thus ¥ is a regular weakly Borel extension of Hy

and p and this extension is unique.

On the other hand if p*on t(u)is the measure induced by the re
gular Borel extension u of Mo what is the relation between
u* and a ?. In this note we obtain j in terms of u* and

observe that u* # 1. in general.

In the sequel My is a Baire measure on T, u and 1 are
its unique regular Borel and weakly Borel extensions res-

pectively.



The following result is immediate from Theorems1 and 2 of

§16 in Dinculeanu [3}.

Lemma 2:

(Dinculeanu [3 ]). Let y* be the measure induced! by

u on 1(u). Then:

(1) p*|B = wu.

(ii) U < t(y) and hence W & 1 (1). :
(iii)For A ¢ B, wu(A) = inf { p*(U): A € U e UNB}.
(iv) For A e t(w), u*(A) = sup {p(K): ADK € C}l.

Definition 3: Let

In oder

X (E)

Lemma 4:

(1) A8 = u.
(Gi) A | U = * |y
(iii)Aa (U)

A:W >~ [o, ] Dbe given by

= inf {W*(U:E € U ¢ U}.

to show that )= ﬁ we give the following lemmas.

and hence A(E) = inf {\ (U):E <« U ¢ ul.

= sup{ AMK): UDK € C}, Ue U.

(iv) 1 is countably subadditive.

Proof.

(i) By Lemma 2(ii) we have yu(A)

2

inf {p*(U): A & UeU}

Hence X |B =

(ii) Trivial.

(i1i)As

u < (),

inf { yp*(U):AC U ¢ UNB}

v

pu*(A) = u(A) for Ae B

U

(1ii) follows from (i) and Lemma 2(iv).



(iv) Let E = l]JEn, En e W. It suffices to assume )\(En)< o
for all n. Let € > 0. Then by (ii) for each En there exists
Un e u with En | Un and MUn) < A(En) + 0 . Let

S EJoUn. Then E € U € U and by (ii) we have
1

AE) = MUY = u*(U)

[i7AN

[~} % «©
2111 (U,) < 21 AME ) + €

Hence (iv) holds.

=

Lemma 5. Let 3, = {E € AME) < «© and XE) = sup X(K) }.Then:
K< E
Ke C

(1) For E ¢ W and K ¢ ¢, EMNK EZF.

(ii) Iy = { E € W: A(E) < = }.

(1ii1) A is countably additive on W,

Proof.

(i) Clearly, W={E e W: ENK € B, K ¢C}. Then for E ¢ W
and K ¢ C, AEMNK) = uy(EMK)< o by Lemma 4(i). Con
sequently, EMNVK ¢ ZF since p 1s a regular Borel measure

and X |[B = yu.

(ii) Let E ¢ W with A(E) < « ., Then there exists U € U with
E< U and y*(U)<e . Let ¢ > o. By Lemma 4(iii) there
exists K ¢ ¢ with K < U and A(U) < A(K) + 5/2. Con-
sequently, 0 < A(U) - A(K) = w*U) - u*(K) = p*(U\K=
= 2 (U \ X) <7€ since U < t(u), v¥ju = X u and u* is

subtractive on t(y).



On the other hand, by (i) E NK ¢ Z_. and hence there exists

F

K, e C with K, € E O\Kand A(ENK < A(K)+ €/,.

1

Therefore,

A

ME) < A(EMK) + A(U \N K

A

AR o+ e

since A is subadditive. Hence E € I

i
(1ii)First we shall show that ) 1is additive. Let El’ E2 e W
with E1 N E2 = @#. As ) 1s subadditive we shall assume

>\(E1 U Ez) < «, Then, given ¢ >o0, by (ii) there exist

, . € . _
Ki < Ei’ Ki e C with A(Ei) < A(Ki) * oy, 1= 1,2.

As 2|B = u, we have

X(E1) + A(E2)< U(K1 U Kz) + € = X(E1 U Ez) + g

so that X(ET) + A(EZ) < X(E1 U Ez). Now the result (iii)holds

by Lemma 4 (iv).

Theorem 6: Let U be a Baire measure on T with its regular
Borel extension u. If wp* is the measure induced by u on T(u),

then the set function A gives by

AME)Y = inf {u*(U): E « U ¢ Uu,j,E e W

is the unique regular weakly Borel extension of Ho and hence

4 = ). Besides, 1 does not coincide with u*| W in general

Proof: By Lemma 5(iii) A is a measure on W. By Lemma 4(i) X



is an extension of y and hence A(C) < ® for C e C. Por
Lemma 4(iii) and by the definition of X, A 1is regular as a
weakly Borel measure. If A' in another regular weakly Borel
extensibén clearly )' = X and hence X 1is unique and coincides

with (0.

As u*(E) = sup{ u*(X): E D Ke Clfor E € Wby Lemma 2(iv)
and since {Ii(E) = sup {f(K): E K € C} does not hold for
all E ¢ W in general (vide Exercise 16, Chapter 2 of [6 1),we

conclude that {1 # pu* in general.
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