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ABSTRACT

This note fills the gap in the proof of Theorem 1 of
the paper "On a theorem of Qrlicz Pettis" by McArthur, Pa-

cific J. Math. v. 22 (1%967), 297-302.



A NOTE ON A PAPER OF McARTHUR

Luts Ramon Leon K, anp T.V, PANCHAPAGESAN

In [?], McArthur proved the theorem of Grlicz-Pettis
about subseries convergence in locally convex Hausdorff
spaces. In the proof of this theorem, the author makes
an assertion (result (F)) without sufficient restrictions
on the sequence (fn);° The obhject of this note is to es-
tablish (F) when (fn ? is eguicontinucus. This additio-
nal hypothesis of (fn); is used in the statement of (D)
in [2] and therefore, the rest of the proof of the theo-

rem remains valid.

Following the notations in [2], E is a Hausdorff loca-
lly convex space with t0pologyf]'. E* denotes the space
of all %-continuons linear functionals on E. Eﬁ{xi} is
the closed linear subspace generated by (xi}i in (,7).

(£) denotes the sequence space ! .

In the proof of Theorem 1 of [Z], the author proves

oo
that lim [ € £.(x;) =0 (1), for esch sequence (e;)]r where
n

o)
€, =+ 1,0 and (fn)l

that 1Im £ _(x) = 0 for all x e Eﬁ{xi}. The author then
n
asserts that by following Pettis [3],

. x *
is an crbitrary sequence in E° such

o
¥ - >
Hm lefn(xi)l =0 (F).

i=
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Since the argument of Pettis Eﬂ is valid only for Ba-

‘nach spaces, a modification of the argument of Pettis has
to be used to establish (F) and this needs the additional

o
hypothesis that (fn}1 is equicontinucus.

Let (fn}t he eguicontinuous in E*, Then there exists
a balanced, convex, open neighborhood U of zero such that

£ (W] <1 for all n ¢ W. If y, is the Minkowski functio-

nal of U, then My is a continuous semi-norm on E. Let Ty

be the locally convex topology induced by My on E . Then
(E,TU) is a locally convex space, not necessarily Hausdorff.

E; denotes the space of all TUwcontinuous linear functio -

nals on E.

LEMMA 1. Let || fH{]= sup JEX)| , x e E, f £ E Then

Wy (x)<1
(EG ,ll.[[U) is a Banach space. Further, [[fnlhji 1 for

*
U ]
all neg N.

PROOF. To show that [l.i[U is a norm in ES , it is enough

to verify that f = 0 if IIflhj* 0. Suppose that Iif|h1=0

and x ¢ E. BAs U 1is absorbing, there exists a A > 0 such

that % € U and consequently, uU( %) < 1, from which it

follows that £( £y = g, Hence £ = 0. By a knowh argument,

Ay

using the fact that U is absorbing, we can easily prove
that (EG'I"[“J) is complete. By the choice of U, it is

clear that "fn{hji 1 for all n.
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We observe that E; < =%, as the topalogy Ty is weaker
than iT.

. . . * N -
LEMME 2. The transioriation Ti BU ~{L}, glven by

is linear and continvous.
PROOF. By the hypothesis (B) of [gjr 5

i=]
£ ¢ E* and hence for all f ¢ EZ . Thus T has its range in
(£).

[£(x,)| < » for all

By Lemma 1 and by the argument in the proof of Lemma

3.2.1 of [I], the result follows.

Using these lemmas, we shall now show that (1) =>(F)

m - . Iy © r
when (f ), is equicontinuous in E¥. Let J) be the linear

subspace generated in (£)” by all elements of the form
@0 + y o . . .
(ei)l, e, = = 1,0. Clearly, 53 is dense in 1£)*. From
"X
(1), it follows that 1fm B, £ (x;) =0 (2) for eve-
no i=l .

ry B = (B;)] € -

.
Let o = (ai); g{fy . Given & > 0, there exists a

= « s, L £ l Y
b= (857 €q) + such that [Ja-g]l_ < 5 - [[F]] » Where

| T]l < « by Lemma 2. By (2}, there exists n, such that

w
Iizlsi £ (x)| << for n >n In other words,{s(%ﬁl<-%,

2
o«
where Yy = {f (xi] e (£}. ‘Therefore,it follows that




Njem

oty )] < lety ) =8ty b+ fety y ] < [le-sll, [T I +

< Mla-gll, fizil+§ < e,

for n > n,. Thus, y_ -+ 0 weakly in (£). Consequently,by
a well known result, Yy 70 in the norm topology of (£).

This proves (F}.
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