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A NOTE ON SPECTRAL AND PRESPECTRAL OPERATORS
BY

+
T.V. PANCHAPAGESAN

ABSTRACT. Results known for spectral and prespectral ope-
rators in weakly complete Banach spaces are extended to Ba-

nach spaces with Bessaga-Pelezyﬁski property.

[S

1. PRELIMINARIES. In this note by a Banach space we mean

a non-zero complex Banach space. Because of varying termi-

nology in literature, we give the following definition.

DEFINITION 1.1. Let T be a og-algebra of subsets of a non-

empty set 8§ and X a Banach space. If T is a total set

of X*, the dual of X, and E(.) is a Boolean homomorphism of
L on a Boolean algebra (B.A.) of projections on X, we say
that E(.) is a spectral measure of class (I,T) when E(I) is
norm bounded in the Banach algebra B(X) of all bounded ope-
rators in X and when x* E(.)x is countably addf%ive on I,

for each x ¢ X and x* ¢ T.
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When E(.) is a spectral measure of class (X,X*), by Orlicz-
~-Pettis' theorem,E(.) is countably additive on I in - the
strong operator topology and in this case E(,} is called a

spectral measure on I .

An operator T € B(X) is called a prespectral operator “of
class ' 1if there is a spectral measure E(.) of class ()Zp )
where ' 1is total in X* and Zp is the o-algebra of all Bo-
rel sets in ([ , such that for each & in Zp, E(S] T =T E(6)
and the. spectrum of T restricted to E(§)X is contained in
the closure of §. Ehen E(.) is called a resolution of the

identity of class I for T.

A prespectral operator T of class X* is called a spectral
operator. In this case, T has a unique resolution of the

identity.

DEFINITION 1.2. A Banach space X is said to have Bessaga-

-Pelczyﬁski (B-P) property if every weakly un conditionally
convergent series in X is strongly un conditionally conver-

gent.

LEMMA 1.3. Let Q be a compact T, space and X a Banach
space with B-P property. Then every bounded linear trans -
formation T: C(R) + X 1is weakly compact, where C(Q) is the

Banach algebra of all complex continuous functions on Q.

PROOF. By theorem 5 of Bessaga and Pelczyhski [1], the hypo-

thesis on X is equivalent to the fact that X does not contain
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an isomorphic copy of c Now the lemma follows from Theo-

ol
rem 15, p. 160 of Diestel and Uhl [2].

2. MAIN RESULTS. 1In what follows X will denote a complex

Banach space with B-P property. Since a weakly complete Ba-
nach space has B-P property (See[1]) all the results in this

section hold for weakly complete Banach spaces also.

THEOREM 2.1. Let A be an algebra of operators in X and.let

it be the image under a continuous homomorphism ¢ of the
Banach algebra C(Q) of all complex functions on a compact
Huasdorff space . Then there exists a uniquely determined

spectral measure E(.) in X on the Borel sets of @, for which

¢(f) = ( f(AME@@EN), £ e C(Q).
Y
PROOF. For a fixed x ¢ X, consider the map T,: C(&) » X, de-

fined by Txf = ¢(f)x. Since Ty is a continuous linear

transformation and X has B-P property, by Lemma 1.3 we have
that Tx is weakly compact. Now following the same argument
as in the proof of Theorem 2.5 of Chapter XVII of Dunford and

Schwartz [4], the present theorem is established.

We use the terms 'complete' and 'o-complete' B.A of projec -
tions on X in the sense of Definition 3.1 of Chapter XVII of

Dunford and Schwartz [4].



LEMMA 2.2, A strongly closed bounded Boolean algebra of

projections in X is complete,

PROOF. The proof of Lemma 3.5 of Chapter XVII of Dunford
and Schwartz [4] holds here, except that we appeal to Theo-

rem 2.1. above, in stead of Theorem 2.5 of Chapter XVII of [4].

THEQOREM 2.3. A bounded B.A. of projections on X is comple-

.

te if and only if it is strongly closed.

PROOF. The theorem follows from Lemma 2.2.above and from Co-

rollary 3.7 of Chapter XVII of [4].

COROLLARY 2.4. Every bounded B.A. of projections B on X

can be embedded in a o-complete B.A. of projections on X,

contained in B (the closure in the strong operator topolo-

gy) .

PROOF. When B 1is norm bounded by a finite positive num -
ber M, then it is easily verified that B° is a B.A. of pro-
jections and that || E|| < M, E ¢ B°. Now the corollary fo-

llows from Theorem 2.3.

The above corollary leads to the following< interesting re-

sult about prespectral operators.

THEOREM 2.5. Every prespectral operator T on X is a spec-

tral operator.

PROOF. Let T be a prespectral operator of class I on X,
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with E(.) a resalution of the identity of class I'. Then by
Definition 1.1 and by Corollary 2.4 there exists a o-comple-

te B.A. B of projections on X, which contains the range of

E(.) on I,. If {Gn} is a sequence of mutually disjoint sets
n
in £_, then P=J E(§,.) is in B and {F_} is a non-decreasing
p n ooy k n

sequence of projections in B. Therefore, by Lemma 3.4 of

Chapter XVII of [4], for each x e X

limF _x= (Y F)x .
n n 1 0

In other words,

® n
(1) (VF)x = lim ) E(8,)x, x e X.
1 n+o 1

But, x* E(.)x is countably additive for each x € X and x*e T

and therefore from (1), we have

(2) x*(V F )x =
1 k

W8

* =
. X E(Gk)x x* E(\llék)x
X € X, X ¢ T

Because T 1is total, (l)and (2) give that

(3) Cy F)x = E(V §,lx, x e X,
1 1

From (1) and (3) it follows that E(,) is countably additive

in the strong operator topology. Hence T 1is spectral.
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THEOREM 2.6. Let T, and T, be two commuting spectral ope-

rators on X, with El(.) and Ez(.) as their respective reso-
lutions of the identity and Sq1 and 82 as their respective
scalar parts. If the B.A. of projections B determined by
El(.) and E2(.) is bounded, then T, + T, and T, T, are
spectral with s, + 85, and Sl S, as their respective scalar
parts and G,(.) and G2(.) as their respective resolutions

of the identity, where

G, (8)x j E,(8-))Eq (dA) x,

Gz(d)x = j EZ(G/A)El(dA)x

for each x ¢ X and § ¢ Zp

PROOF. Let Tl = S1 + Nl and T, = 82 + N2 be the canonical
de compositions of T4 and T2. Then by the generalized

Fuglede$ theorem (Corollary 3.7, Chapter Xxv of [4]) SysS,s
Ny and N2 commute with each other and hence Nl + N2 and
Ny 82 + N, S1 + Nl N, are quasi-nilpotent. Now the theo-
rem follows from Theorem 4.5 of Chapter XV of [4] ,Corollary

2.4 above and Theorem 10 of Panchapagesan [S]q

REMARK 1. In view of Theorems 2.1 and 2,3 and Corollary
2.4, Theorems 6,10, 6.12, 6.14, 6.21 and 6.22 and note 6.15
of Dowson [3] and Corollaries 2,12, 2,13 and 2.14 and Theo-

rems 3.18, 3.19 and 3.20 and Corollary 3.28 of Chapter XVII
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of Dunford and Schwartz [4], which are known to be true
for weakly complete Banach spaces, continue to be valid

for Banach spaces with B-P property.

It is also possible to extend the theorems of characteri-
sations of spectral operators in weakly complete Banach
spaces to operators in Banach spaces with B-P property. To

this end we need the following theorem,

.

THEOREM 2.7. Let E(.): R » B(X) be a Boolean homomorphism

of the algebra of sets R on a B.A. of projections on X

and let E(.) be countably additive in the strong operator

topology on R, in the sense that whenever {dn} is a pair-
n

oo
wise disjoint sequence of members of R with ‘J §_ € R,
1

then

23]
O
%
[}
P oe~1 8

E(Gn)x, x e X .

Then a necessary and sufficient condition that E(.) can be
extended uniquely to a spectral measure E(.) on S(R), the
oc-algebra generated by R, is that the range of E(.) is norm

bounded in B(X).

PROOF. If such an extension E(,) on S(R) exists, then as
in the second part of the proof of Corollary 3.10 of Chapter
XVII of [4] we see that E(S(R)) is a o-complete B.A, of pro-
jections on X and hence is norm bounded by Lemma 3.3 of

Chapter XVII of [4]. Conversely, if E(R) is norm bounded in
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B(X), then E(R) is a bounded B.A. of projections on X. Hen-
ce from Theorem 8 of Panchapagesan [5] and Corollary 2.4

above, the sufficiency of the condition follows.

REMARK 2. As a consecuence of the above Theorem, Theoj
rems 3.14, 4.5, 5.2 and 5.15 of Chapter XVI of Dunford and
Schwartz (4], which are known true for weakly complete Ba-
nach spaces, continue to be valid for Banach spaces with

B-P property.
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