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ABSTRAC?

The classical notion of positive operstor. valued zeasurc:
in llilbert spaces is extended here to Banach spaces and a generalized
spectral mapping theorem is obtained for spectral measures in Banach
spaced,

Introduction. A spectrel measure in Hilbert space can be
considered ap a positive operator valued measure whone ranse is contained
in an sbelian von ifeumann algebra of oneratore, Iu {1o) 4 one of the
authors extended the notion: of abelien von leumann alsebras o Banach
snaces, by introducing the new concent of ¥*(\\- || )-elgebras. The \/
oresent paner generalises the notion of poeitive opersior valued measures
to Barach apaces in the set mwp of ¥2(\{-W)~algebrus,

e first sgétion desle with some besic definitions and resulse
fror literatore to facilitate ai easy understandinmgef the paper, In §2
tae notion of positive operctor valued memsures in Banach spaees is
introduced 2nd a necessary and sufficient condition ie given for g pusitive
overator valued meacurer 1o be a speciral measure. In § 3 it ic show
ihat our onerator velued neasure gives a concrete example of a V-valued
meazure (in she sense of wright(13) ) with V @ weskly ( o 4 0o )-
distributive boundedly complete vector lattice. he last section deale
with scme generalizations of results in § 7 of €21 to pomitive operator
valued megcures in Banech: epacee, with the mein rosvlt bYeing the one
ziving a generalization of the ¢larzical sveciral mapping theoren,

l.Preliminaries., Throughout this paner X w:!.ll‘ dcnote a complex
lianach gnace., By an onerator on X we moan a bounded linear mapping of
£ into itself and B(X) will denote the collaction of £ll esuch operasor:
on X. '




Ly \“ - W is she norm of X, one can define an opsraior ? on
L to be heviitie: in “\ W if [u I ¢ ir? m a1+ o0fr) as r—3090,
where I 155\ the identity omnerctor on X, A detailed study of suca hermitian
operators ehn ne found in Viéav (5] and Berison | 3, 4]) . Lumer
introduced :Lp [‘K] the notion of a semi~inner-product \’_ , ] 4induced
by the norm \‘m. W of X and proved in [9)thas ? 1s hermitien in |\\. }!
if and only if [ T, 7] 49 vead for \{z ||| =1, x tn X, where [ , ]
cam imoa nmi-\iinnor-pmduet indueed by |{\- Il .

An idempotent operator P on X is ecalled & projection. We refer
to Bade [ | ] for the definitions of bounded, o ~complete and complote
Boolean algebras { BeA.) 0f projections on X,

Prom Panchepagesan (0] we give below the definition of a We(l\.1} )-
a_lgcbra, which plays a key vele in the present work,

DEFINITION 1, By s W*( |- | )-algetws ¥ on & Banach space X we
mean & pair, consisting of & commutative weakly closed subalgebra -
W of B(X) and an equivelens norm |\ || om X, such that the set of all
projections in ¥ is i o-oomplete B.A, of projecticns on X and such
that every elezemt 8 in ! has the reprecentation of the form S = R ¢ 4iJ
where R and J satisfy the following conditions:
(1) I = 38 ;
(11) R™I™ (3,0 = 0,19250c..) are herniticn in the norm i |l ;
(441) R and J gre in W, |
One may refer to (o] for the basic properties of such W*( \l.|{)~
algebras,
Again we reeall from [lo] the following definition of positive

operators on X,
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D LA12I0H 24 4n operator I on X im said o0 be positive in the
equivalert norm \\* \ on X ( ard we donote this by T » 0 in W.\\) if
[ 1x, z]vzo for x in X with {{x | = 1, where [ |7} 1s a semi~inner-,
product induced by the norm |\\-\\ on X. Again for two operators I and
Tz.. on X, we say 7 2 ? in the oquivn&nt norn M . “ on X ( briefly,
re I, in W \\) u' (1) 2, » 7, @re hermitien in \\- | eand (ii) * 120
in Wt-u,

Throughout this paper ¥ will denote a W#({\.||)~algebra of opera-
tors on X and H(W) will be the set of all operators in ¥, which are
hermitian in [\. | . Let H(l)+ denote the set of all operators A in
H(W) such that A2 O 4n |- \\ . Then H(W) is a boundedly eomplete
veotor lattice under the partisl ordering of Definition 2, (Theorem 3
of 1101 ).

2¢ Positive operasor valued measures in Banach speces, In this
section we generalize the classicel notion of positive operator valued

measures with commuting range to Bamach spaces,

DEPINITION 3. Let (R be & ring of subsets of a set € o Let

P(.) be & mapt @ — ¥, where ¥ 1s & B*(\\.\\ )~algebra of operators on
the Banach space X. Then P(,) 1s called a positive operator valued
measurs ( abbreviated a3 PO-mossure) on R 4if the vange of F(,) is
contained in a(w)+ ¢ satisfying the following conditionss

(1) ?(4) =0 ;

(11) P(Vcrr) x = lin 2’ ?(o-')x ’
for cach x in X , whar. 7[0'}” is a uqumo of pairwise disjoint
sets in (R , with their union in R ,

Purther, the PO-measure P(.) is said to be a spectral measure

on R if the range of P(.) 4s ocontained in the set of all projections
.\A\ No . \\
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Kote that & PO-measure P(,) is monotonic and subtraciive.

PROPOSITION 1, A PO-measure P(.,) is a spectral measure on 67\
if and only if P(.) is multiplicative.
PROOF, If P(.) is multiplicative, then Plo- ) = P"(o‘) a0 that

P(¢") ie o vroioction in W for each ¢ in R .

Conversely, if P(.) i8 & spectral mcasure, then for e 6 in R 5
by the additivity of P(,) we have
PloUS) =P(o ) » P(§\) = P(5 ) + P(o\$).
7 monotoneity of P(.)

P(g) = P(o )P(cus) = P )2(6 ) + P(o\b)

i

P(5) = P(§ )PEUS) = P(8)P(c") + P(E\a),
shas
B(g~) - P(\6) + B(§ ) - P(B\c-) =2 P(c")P(5 ).
By the subtractivity of P(.) we huve
- P(eN§ ) = P(o IR(S ),
Thus P(.) i multiplicative,

3, PO-measures as vector lattice valued measures,The present
section is devoted to show that a PO-meesure is also an H(¥)-valued
ressure in the sense of Wrights ( Definit;‘ion on pqqg*’*[\aj) and to
vrove thet H(W) ie & weakly (g~ , §D)-distributive boundedly complete
veciur iottice., See p.279 of [\4] for the definition of weakly (s §9-

distributive vector lattices,
We recall the following definition from wWright U],

DEPINITION 4, A V-valued measure on the vring ® of suvsets of
a Ko G is a map [+t R V, vhere V is a boundedly complete vector



+ susice nuch that

(1) p(o~) 20 for overy o in R ¢

(12) W(®@) = 0 ;

(111) \*(qﬂ" ) = \/ Z\'( » ThOTE {0" r:la a aeguence of
apirodise disjoint sete in @:\":”:t;h‘ ﬁc- i R »

[/ Lsi#A 1o Let P(. ) be a PC-measure on R & ring of subseis of

o res @ o with ite vange in H(W), Then P(,) is a H(w)-valt;.ed measure
71 R in the sense of Nefinition 4. Genvemaly. any B(¥)-valued
aezuure o @ im the ssnuse of Definition 4 i3 = PO-measure,

pa00F, By imeorem 3 of Paneh‘apagumﬁo],n(w) is a boundedly
complete vector lattice with the strong operator topology on H(®)
compatible with ite order structurs, Let P(.) be 2 PO-measure on R
igh ite ronge in H(’l). Let (U‘r' be a pairwise disjoind seguence of
sets in R with U o7 € 61 » BY monotonei of P(.)
o) » > M) = TRe) i W
for each n, caneaquontly. {:,P(o") ‘} i8 order bounded above and
honce by Theorem 3 of t\o]
lia g;;"::?(az)xj 46/29(07,))

. “-v‘ ‘r'::'
for ezch x in X, “hus

P(@r ) = \/Zr(w) .
Pay i
Sinee the cbm aréuémnts are also reversible in light of

‘neoren 3 of[i9], the converse part of the lemme follows,

In lignt of Theorem 18 of Stone LizJone may cefine a compact
nausioryf space 8 t0 Lo stonlam if 3 is extremally disconnected, Following
vizmdcr [65 )]s we call & stonian opeoe 5 hyperstonian if the union of
Be: Aupports of all positive ncrmmd Borsl messures on S is everyvhers

Gehe s Lt Se



Next we prove the following in%cereeting resuls for wW>(|\.l\)~ algebras
ich sencralizes the corresnonding one for abelian von lioumann algebras

R R R s t 5 J -

Dok 24 The maximal ideal spacs S of 2 ¥*(\.\\)-algebra ¥ ia
TOET L ONLEN e

SHPe Trom Pefinition 1 the sod (P of all projectiions in % is &

O ~001L0450 BeAe Of projectione and aence i3 strong closure (P is a
Lo o Leds 0f nrojeations by Pheorem 2.7 of Gade L\] . Jince W is
“iun 3srongly closed, @"’u ® 8o thas (P is complets, Thus ¥ is
g ly ccnaretad by the comnlete BeA, m@ of mrojections and hence
by another theovem of Bade [1] W ia the uniformly closeé elgebra A ()
cenerated by (P « Hence by & well-kneer Tesult on comrutetive Banach
cleebras the marimel iderl space 3 of ¥ is homecworphic t¢ the Stone's
renresentation spaéa of the complete B,A, @ 80 that S iz exireanlly
-~ : disconneeted by Theorem 18 of Sione[)2].

;o0 8how tns% 8 is hyperstonian we adapt Dixmierts argument in Us] .
et T, ] be a semi-funer-yroduct on X induced by the norm {\. I\
{ given in the (|- 1\ )-algebra ¥). Yy Theorem J of Penchupagesan [ o]
Tor every increasing unet {‘T*} ¢f opexators in H(%), order bounded
above,

(}/‘fr,( )z - 1&- L
for ecch ¥ in X and hence
[\.‘/I'o( X, x] e 1&: U“x, x] - s&p [T“x, x)

Bimar E.x.:c] ic o dounded linear functimol on B(X), Conmucuantly,
conly 7 in X gives wice to e mimal. continuoue poritive linear fWmotional
[+7.x ] om i(¥) erd henee on the isometric isomornhic imuge C(3), the
cenminfl algahera of ell real valued contimuous funotions on S, ilence
W the Riess vepresentation theorem this corresponds to a unique regular
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. L positive measure Y, un C(S) which is further normel., The union
2. L amorts of all the messures \"x s X in X, ip ¢ense in 5, Tor, other-
“i, lat &G be & non-null ciopen subses of S &disjoint with this union,
AR 'Xc‘ue vne cherac iovistic function of G, Then y&is in C(8) and if %G‘
conre 1003 %o the wrejection B in n(w)‘ then E % O and hence by fheorem 5
w5 Q) thrve exists y#A O ia X such that Lm'. y]*o. Tais is
2ogorn rorie-ion since the normal neasare l’§ 4468 not vanish on G, Hence

oo A0 27 aereioniaie

SOROLLARY . Let@be a g-tomnlete B.A. of nrojections on X,
Lty - be the slgebra generated by (P in tae weak opsrator topology. If
5 is sie naximel ideal gpace of @, then 3 is nyperstoniaen, If X ic
ietizly comrlete, it suffices to aseume that (P i & bounded B.d. .

2200F, The corollary follows from (1.2) of Panchapegesen [ji]

and the sbove lernma,

In (J4] Wright studied the properties of certain classes of
Vevalued measures when V 1s a weakly ( ¢ ,ob)=distributive vestor lattice,
drom hig reaulté it £o11lowe that in niltart.spa.ce the olassical X}
PO-uessurss, with the Jperators in the range oqmutirxg #ith each other,
are concreote examples of V-wvalued measures with V weakly (o, ov)-distributiw
'he above lemmas give riee 0 another conerese example of such Vevalued
measvree, viz, the PO~-meacures with range in H(W). This fact ic otated
as the following thaorom,

THECREN 1. %et P{(,) be a PO-meprvye on Q{’a ring of suhnets of
6owet (6 with 1%a renge oontained in H(W). Then P(.) is a H(W)-valued
Silatolathe e 'c::: & in the seunne of ¥right ( Nefinition 4 ) and (W) ic a
oty (07, o0 J~distribuiive boundedly complete veator latiice.

PROCF, 7he #heorom follows from Leumes 1 and 2 and from Lemma 2.3
sf tright ([4] and from the fact that in a hyperstonean space every meagre
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set is newhere dense, (Ses Corollary to Proposition 5 of Dixmier (5]),

4o A generalised speetrel mapping theorems In this sectien
we obtain some generalisations of the results in § 7 of Berberian(2)
$0 PO-measures in Banach spages, The main result is a gensralisation
of the classical spectral mapping theorem,

Throughout this section T will denote & locally compact Hsusdorff
space and ©,, will be the ovalgebra gehersted by the class of al
open sets in e ¢ will denote the oollection of all compaat sets
in 2, A PO-pessure m&wu oalled & weakly Bovel PO-messurs on T,

DEPINITION 5, A weakly Borel PO-measure P(,) on ? with i4s
range 1n H(¥) 1s said tgbe regular if for every A in @  and for
every x in X

Pax=us { 2Ox1a20¢ &]

DEPINIZION 6, If P(,) is & weakly Borel PO-messure on T, the
co~spectrum of P(.) 1s defined to be the union of all open sets in
? on which P(,) vanishes and the complement of the co-spectrum is
called the spestrum or support of P(.). P(.) is said to be ocompact
if the spectrtm of P(,) im & compact set in 7, P(.) is sald %o be
normalized Af P(T) = I, We denote By /\(P) the spectrum of P(.)s"

DEFINITION 7, Les P(.) be & H(W)-valued weakly Borel spectral
measure on T and £ be a hounded measurable funotion on the specirum
of P(s)s Then the spectyal norm of £, denoted by Ny(f), is defined

B0 = owp {rt0)| 1ec AR ]

LRNYA 3, Let P(.) Do & Tegular weskly Borel normalised compact
spectral measure on T, with its range in H(W) on X, Then

“ S‘T:' ““ - !;(('g)
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for every continuous complex velued function on /\(P) where

\\ Af\ = sup{\\h:(\ t xin X, ({ x{i= 1}
nd ||+ is the norm in the We( |\ |\ I~ algebrs ¥W,

PROOP, Refer to p,2105 of Dunford and Schwarts C‘!]. |

LEMMA 4, If P(,) is & regular weakly Borel mammwes FO-messure
on T with its range in H(W) en X, then P(?) = P( spectrum 2 /N(P) )
PROOP, The proof is quite similar to that of Theovem 23 of

Berberian [ 1] and hence omitted, |

LEBMMA 5, If P(,) is a regular weakly Borel compact normalised
spohti-al measure on T with its vange cotained in H(W) on X and if g
ies a continuous complex funotion on T, which vanishes at some point
of /N\(2hy then the operator jg dP is singular,

PROOP, The proof of I-cmTon P+58 of Berberian Ezj holds
here verbatim, by making the following alterstions, The vector x
on p.58 of 2] should be chosen with P(M)x = x and || x [\ =1,
whers K = {)\ €. "5(?\)\"4 €27 ana W1\ 18 the norm given
in the W*(|\/\y~algebra W, The inner product on p,59 of [2)) should
be replaced vby 8 semi-inner-product induced by the norm |[. || #a W,

THEOREX 2, (Generalised spectral upping theorem), If =y P(.)
is a normalised regular weakly Borel compact spectral measure on
the locally compact Hausdorff space T, with its range cotained in a
w*{\|.})-algebra W on the Banach space X, then |

| (rar) = f(A(® ),
for every oonplcx valu;g eontinuous function £ on T, where g (A)
 denoted the spectrum of the operstor A.

PROOP, As P{.) is = normalised speciral measure, hy Lemma 6

of Dunford (6] gf 4P is a soalar type operator. Then by Theorvem 5
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of Poguel (83, TW( (rar ) = o (§rar)
where T(A) is the ap;rroximﬂc poin‘{' spectrum of A, This observation
together with the arguments on p.60 of Berberian [2)will show that
£(N?) < o( g:r @ ),

The reverss inclusion rx.e:ijon can be prbvod by an argument
yuite similar ¢o that on p.ﬁlhfnd by the fact that W is s B*-algebra
in the operator norm induced by the norm |\-|} in ite definition, Thhs

completes the proof of the theoyenm, ¥

COROLLARY 1, IZ P(,) is & countably additive regular spectral
measure ( in the sense of Dunford and Schwarss(i]) with compact
support A(P) on the locally compact Hsusdorff space ?, then

g(Szar) = 2(A(®) )
for every complex valno&r gontinmous funotion £ on 2, where g-(4)
denoges the spectrum of the operator A, : /

- PROBY, By Corollary mnhm of Dunford snd Schwarss (7]
the range of P(,) i8 a g -complete B.As of projections. Let us
denote this range bv$ (§ o By(1.2) of Panchapagessn (W], the weskly
closed algebra generated by @ is & We(|(.||)-algebra for seme
suitable cquivalcnt norm \\-\! on X and henoce the oorﬂ.lm follows
from $he above thoom-

COROLLARY 2, If P(.) is & normalised regular weakly Borel
compact speotral measure on the loeally ecompact Hausdorff space T
with its range contained in a W*().\))-algebra ¥ on X, then

I\ Sf a || = eup if{\xﬁ th in g-( Sf ar )}
for every complex valuod continuous runetton f on &-

PROOF, The corollary follews from the above theorem and

Lemma 3,
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