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A CHARACTERIZATION OF THE ENTROPY FUNCTIOHALS FOR GRAND
CANONICAL ENSEMBLES. THE DISCRETE CASE.

3. FORTE (FERIDA, VEAEZUELA) (*)

SUMMARY .- "Natural" propentdies Lead to a nrepresentation theorem -
gon the entropy functional of a grand canondical ensemble, In addi
tion to the classical Boltzmann tenm, the nrepresentation contains
thiee mone tenrms that seem to be meaningful in statistical mechanics.

SUNTO.~ Da proprieta "naturali’ imposte al funzionale entropia di
un 4insdieme gran canondico 54 deduce un teorema d{ rappresentazione -
pen ess0. In aggiunta al temnmine classico di Boltzmann, £a nrappre-
sentazione mettle Ln Zuce tre ultendiond teamind che sembrano Signif4
cativi in meccanica statistica. '

{*) Whife on sabbatical Lzave o4 absence from the Univensity of -
Watenloo, Canada, Department of Applied Mathematics.



1.- Introduction.

The punrpose of this papen {4 to derdive the nrephresentation of Zhe
entropy functionals gorn grand canondical ensembles 4An statistical

mechanics.

The [(mean) entropy for classical systems, Ln the grand canondical
descndiption, has been defined casentially by (see nef. 1):

® n
(1.1) S{n) = -k g W Ph g i Yui Loglp an’ . ,
in the discnete case, and by
(1.2) S{f§) = - h?nanRnﬂn Log 6n dxg...dx -k Zo}:;lﬂogpn,

An the continuous case, where ¢, . > 0 for every n >0, 0 < 4 <m,

pj >0 fgorn every § > 0, P, = 0 fgorn n sufficiently Large, and
m
) n
g w P 1, g i i 1 forn all n > 0 ;

§orn every n > 0 , 6n 48 a |conditional) probability density on

Rn, 5.1, 6n Log §, 44 Aintcgrable, k 48 a nonnegative neal -

numben,

In nef. 1 propertdes of the mean entropy have been Lnvestigated.
But 20 fan no attempt has been done to derdve §rom those properties
the nepresentations (1.1) and/on (1.2). Monreover, the propenties -
which have been considerned An ned. 1 seem to be more "natunal” 4An
communi{cation theory nathern than Ain statistical mechandcs | see nef.

2).

By Amposding ceatain conditions, that seem £fo be Antudltively "na-
tural" in statistical mechandics, on the unknown entropy we shall -
denive the fofLowing forms



[o ] n =] o]
(1.3) S(w)=-a2nanLqM.£ong.+bannn+c ., p, togm
o o , 0 0
[o 0]
-d 2 n Pn £09 P,

in the discrnete case, and

{1.4) S(g) = - a ? w Pu J R, 6n Log §, dx,...dxn + b g p Pyt
c ? " Pn Log m (Aﬁn) - d g w Pn Log P, ,
in the continuous case, whene Aﬂ : = { x € R, | §,(x) > 0}, and
n

a, b, ¢, d are neal numbens, with a > 0, ¢ >0, d > 0.

These hnepresentations are consisient with the nepresentations
that have been dendved 4in nef. 3 and nef. 4 forn the canondical en-
sembles.

Note that the Last three temms on the nhs. of (1.3) and (1.4) are
missing in the nepresentations (1.1), (1.2) and we believe that
they have some signifdicance. This papern will deal with the discre-
te case.

2.- Preliminandies.

Let N denote the set of all nonnegative Lintegens. Let w(l}: =

{m..=p

Y .., £ e N, § €N} with p; >0 fon akk 4L e N, q.. >0

L4 4 =

fon all 4L, § € N,

(2.1) z i P c 1, z i qij = 1 gon all 4L € N,

0 0
be any discrete probability distaibution 5.%. p; * 0 forn 4L sug-
jlclLently Lange, Ay * 1, qoj = 0 forn akd 4 > 0, qij = 0 fon «



every 4 > 0 and 4§ sufficlently 2ange. W(1) wifl denote the set
04 allf such probability distributions.

We shaltf denote by =(2) : = { Twisi = Prslnsijr * € N, £ € N,

5 e N, f e N } with Prs > 0, anLj >0 gorn akk n, s, 4, § €N
and
(2.2) g n g s Pus © 1, g ‘ g j anLj =1 fgorn aklld n, 8 € N,

any ddisénete probability distnibution s.%. =0 4or n and &

P s

sufpiclently Lange, = 0 fgon ald L > 0, 4 €N,

%oo00 L Yosijf

i € H, qnoij = 0 forn alld 4 >0, n e N, L N, anLj = 0 fon eve-
ny >0, 8 >0 and £, § suffeiciently Large. Again W(2) wilk

denote the set of all such probability distributions.
1§ a probability distrnibution 7m(2) € W(2) 48 such that Prs ° 0

gor akl & > 0 and cach a1 € N loxn Puy = 0 dorn all n > 0 and

each & € N} we shall Ldentify m(2) 2o the manginal disztrnibution
T (1) (%o the manrginal distribution w''(1}), nespectively) hence 2o

the distnibution pi : and ¢ . fon each n,4i,§ € N

® Puo i 1% YUojo

! . - - - 4 .
(pA © T Posr Uit T Y404 fon ecach 4, 4L, § € N).

Considen the mapping S of W(2) 4into R defined by

(2.3)  Stml2)) = -a T, T gy BB a0 208 4y
0 0 0
L oy lby t bl re L p,, Logomy,

0 0 0 0



w0 [»+]
-d I n z s Prs Log Pas ,
0 0
whenre a, bn (n =0, 1, ... ), ¢, d are neal numbens, a > 0,

b, =0, ¢ >0, d>0 and with the convention 0 Log 0 : = 0; 4o

every 44xed couple (n,8) 4n NxN, m {8 the total numben o4

ns
Udpgejr £ €N, § €N} that are greater than 0.
Cieanty, when m(2) neduces to (1) and b, = bn, (2.3) reduces

to (1.3).

The {entropy) function S has the following propenties:

(1) Lex m(2) € W(2}) and et m' (1), w'{1) be Lits marnginal
distnibutions, degined by

[ ! 6 ! - s
(2.4) (1) ¢ = {Wu 54 g,prinfldeN’L e N}
) - N _ :
(1) {n 84 5 i g i Pralusijr 3 € N, § e N} ,
then
St mlz)) < S, (m" (1)) + S, (m"" (1)) (subadditivity) ,

whene S, denotes the nestrdiction of S o W(1).

(2) 14 40on every n, 4, 4L, § € N : = m . ! with w!

"nis § i T osge ni
and “iéj de fined as 4in Eq. (2.4), then
S({m(2)}) = S,(n'(l)) + S,(n" (1)) (additivity) .

(3a) Fon eveny fgixed {n,8) in NxN : ., L EN, § € N} »S{(m(2))

{ qnbij
L8 symmetnic.



(3b) On the set 04 all probability distributions in W(2}) s.Z%.

Unsij = Ysnjir fon all £, § € N, [(rn,8) =+ S(7m(2)) L& symmetnic.

(4) Let m, . (1) : =lm, = pa,., ne N, & €N}, with x € (0,1],
0 <m < n, be such that P, = 0 forn all n # m,n, Py = T-x ,
P, = X the function
Uy (x) 2= Syt (1)) (x € [o,1])

48 continuous at 0.

Pnooﬁ:' Propenties (2}, (3a), (3b) and (4) foklow Aimmediately f§rom
Eq. (2.3).

But it 48 wonthwile to give a detailed although easy phroog of pro-
perty (1). We shall prove Lndeed that each team on the nhs of -
(2.3) 45 subadditive. We stant with the {irnst Zeam

™
Q™ 8

j Insij tog Unsij ’

Pt % Ly Py ’ P! 1% Loy Pay ;
0 0
L4 4on some n on some 5 Ain N : pk = 0 on pi' = 0, Zthen
{q,. £ eN} and { qg; , § € N} are any probability distri-

butions, othemwise

g s Pra g i Inadj
! ° -
i © T "
Pr
Loy Pus g Uiy
QH' - (4] 0
44 '



We have to prove that the folLlowing inequality holds

- ! 1 1]
(z.5) -a 5 n,8 Pus g 4,5 Ynsift09 Qi ? g n P g £ Wnctos 4,y
e 1! P 1
+a L s Pu g § q Y Log qu < 0 ,
with a > 0.
The convexity of the 4dunction x £Log x AmplLles
! ] !
(2.6) p, q,; Log q;, < 3,:'5 Pry | g i q)uu‘j) Log | ())3 b Tnsik!
L) re
Py Q4,7 tog gy < g n Prsl g £ Qngijltog | g ATV TL

dorn each n and & 4n N such that ph £ 0 and pé' $ 0 and -

everny 4L, § € N,

1}

Since Py

0 and p;’ = 0 Aimply pn5=0 gorn all 8 € N and pnA=0

don alf n € N, nespectively, Lf gorn some n 4An N on some & 4Ln
N:op, =0 on p' =0, inequalities (2.6) 82i&L hokd. Hence

(o] [} <« [+ 4] o] (o]
- 3 ! ! !
(2.7) « L, L, p,, L L i Unsij Log Upgif +al, p,Lq, Logaq,;
0 0 0 0 0
oo [}
il 1 [ ]
+a L s Pa L § qu Log qu
0 0
® © ¥ (g R qM»Lk.) (();: h q’tbhj’)

a L, I Puy Ig,§ nsi4 £09
0 0 0 Ups i



where I i denotes the sum oven the set of indices { 4i,f ¢ N |

Unsij # 0}. By using the LAncquality
Zog x < x - 1 \f x > 0,
we have
o o wo* ( i k QAALk)( i h qnéhj)
(2.8)] a = n E s Pas OF nsij 2og <
w9 0 o Unsij
a L, Loy o DAUD U D i)t i)
0 0 0 o 4 0 0 ’

By combining (2.7) and {2.8) we obtain (2.5).

The second team on the nhs o4 (2.3) 44 additive and therefore -
subadditive too. Indeed

z T p. b +b ) =2 (2 p, )b, + I [ Z , p,,lb =
o b o 8 s s A 04 o A8
I _ p'b, + I  p'b
O)L AR 06 4 &
[ 3 » 3 » , . - '- , ¢
Consdiden the manginal distrnibutions w'(1):= {"ni’pkqni' n e N,
: i s = ] = I ; ;
L e N} and w''(1):= {m 5Py q Ve 5 € N, § e N} o4 a given
probability distribution w{2):= { neN, 8 €N,

Tnisi Prslnsij

L e N, §f e N}. Let mA be the total numben o4 {qki, L ¢ N} Zthat

arc greaten than 0, and m,'" the total numben o {q;}, § € N} that

arne greaten than 0, Let m, ~ be defined as in [(2.3).



For each n, 8 ¢ N s.% Py, * 0, At 44 easy to see that

Hence fon eveny 1, 8 € N we have
< s + '
Prsto8 My, < Py Log my + p, Log m,

and with ¢ > 0

oo} o o] o o] s 2] oo} 00
’ "
¢ L, L , Py, Log m, < ¢l N z s pnbﬂog m, te¢ L , Zégw&mr%
0 o 0 0 0 0
00 o
P ] 7 ’ K [} 1
= c E p P L0g m +c g s Py Log m,

As Lt concenns the Last team on the nhs of (2.3) we have fust to -
make use o4 the inequatity Log x < x = 1, for all x > 0. Indeed
with d > 0, we can wraite

ao [ o} o o] [ <]
-d =z n Loy Ppgtoap,, *d T, p Rogp, +dI pé"l’.og pA"=
0 0 0 0
d ;‘ L pkpé' ; ; (p'p" ) 0
p og — < prpy - P =
Jns Ths P ot o 8 s ns ’
wo¥
whanre z s denotes the sum oven the set of indices
0
{n, 8 ¢ N| Puy * 0 1.

Hence the nesult.

We Lntroduce now a Lemma that will play an impontant nole 4in the
proof of the nepresentation theorem both in the discrete and 4in -
the continuous case.

Let w0(2) be the set of all probability distributions



-] [0}
P(2) : ={ Puy» * €N, 8 €N | Poy 20 Y n,5 €N, g x g Py = 1
Pus ° 0 gorn n,s5 sufficiently Lange } , and wo(l) the Aet of akk
probabillity disiributions P(1) : = {p,, 2 eN | Py 20 ¥ o eN,
g a Py =1 Py =0 fgon n sufficiently Large }

14 a probability distribution P*{2) € W, 12) 4s such that p;A = 0
gon cach n e N and af & > 0 (on pzé = 0 4on each 5 € N and

atl n > 0) we Ldentify P(2) Lo L{ts manrginal distribution

P*' s = {pp' = pp, ne N} (P*'i={ p}' = p*, s e N},

Lemma.- 14 a mapping K wotz) + R has the propenties

(a) for every P(2) e wo(Z) with manginal distributions P'(1)} and

Pri(1)
K(P{2z)) < K (P (1)) + K, (PT (1)) (subadditivity)

whaone K, denotes the nestriction of K to wo(l) ,

(b) L4 P(2)=P'(1)P''(1), £L.e 4§ pn5=pkpy ¥V 2,4 € N, whene again

P'(1) and P' (1) are the manginal distributions of P(2), then
KIP{2)) = K (PTLT)) + K, (P'' (1)) (additivity),

(¢) zhe exchange of any P s wALh Pan does not affect K{i.e. fon

each (n,3) € NxN, (n,8) > K 43 symmetrnic),

(d) Lot Px,m,n(l) : = {pn, ne N, x € [0,1], 0<m<n, be such

that P, = 0 forn all 1 $ m,n, Py = 1-x, P, = X5 the {function

x > K (P, m,n(1))’ x € |o,1], & continuous at O,

’
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then
(2.9) K,(P(I)) = g " pnbn - d g n pn Log pn \f P{1) ¢ wo(r),

where bn, n=0,1..., and d anre real numbens, b_ = 0, d > 0.

Proof: As 4in neg. 3, the procd 4s essentially based on a fundamepn
tal set of Linequalities that can be dendlved from propenties (a), -
(b) and (c). Henre the proof £8 obviousfy monre complicated than -
Zhat in nef. 3, s4ince P(1) + K, 44 not assumed to be symmetric.

We Aiant by considening a probability distribution P; m n(l) i
’ ?

{ p,, n €N ! p, = 0 ‘V >, ppo= pll-x), p) = px, p e[b,l],xe

[0,1], with m,n € N fixed, m < n}, and the probability distribu—

tion 1”g',m’n(1):= {py, ne Nlpy= 0 V/La‘m,n,f)r'n'z 1-9,p)'= ¢,
y €[o0,17 1.
Let

8, n(y) : =K,(l3”mn(1)) ;

because 0§ (b) we have

K,(P;,m'n(ﬂ) + K,(f;tm’n(ﬂ) = K,(P;,m,n(ﬂ) + 6m,n(y)
= K(Px,y,m,n(Z))
whene Px,g,m,n(Z) to= {p,,, neN s eN| PP 1-%)(1-4), p, =
pli-xby, ppy = px{1-4l, P, = pxy, pyp=pyll-y) V nfmn, p,
pky V n ot m,n, pné=0 gorn akli n, 5 € N, 8 #myn . Now we Lnter-
change Pn and P oam in px,y,m,n(z,; Let Pl,y,m,n(Z) be the nesul

ting probabllity distribution.
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Because of (c) : K(P (2)) = K(PT (2)). Hence

X, 4y,mn X, y,mn
K(Pr (1)) + 4 (y) = K(P [2))
X,m,n m,n x,t,m,n ’
and by necounse to (a)
K P LTIy ) < K P U0+, Lexs (T-p)y)
whene P;,m,n(’) denotes the probabitity distribution Pi,m,n(’) -

when we neplace x with y. From the Last inequality de have

(2.10) " Ky (P U)K (Py (1)) < (pxe(1-ply) = 4, (y)
fon everny p,x,y € [0,1].

By 4intenchanging x and y we get

(2.11) K,(P;’m,n(l))-K,(P;,m’n(l)) < Am,n(py+(1-p)x) - 6m,n(x) R

and by companing (2.10) and (2.11} we have

(2.12) 4, ) = g ey (1-p)x) < K (PL (1)) = K[y (1))

»

S b, g tPx+ (1-ply) - 4 (y)

n
for allt p,x,y € [0,1] and all m,n € N, m < n.

We shall now prove some propentdies of the functions 6m g Mon € N.
»

Namely

(£) §onl0) = §,400) = 0;

(<) 4, 44 continuous on [0,1[ ;
(£44) 6mn L8 concave on [0,1], that 48

b [11-Mx+ Xg) > (1-X)4  (x) + X § (4] fon akl A,x,y efo, 1)
({v) the ndght and the Left dendivatives v*gmn and 07§ exist

everywhene on (0,1 and J0,1]  nespectively;
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(v) 07 4 and 07§ are finite on 30,1[.

mn

Forn the proof of (444}, (Lv) and (v} we refer directly 2o nef. 3
{page 137) since they anre consequences of (2.12) only, and (2.12)
L4 exactly the same as (24) 4in ref. 3.

Propenty (L) 48 a consequence cf propenty (b); indeed because of

{b) we can write

o0 (0) + 6,000 = k(P (2))

[y

wA th P0(2)= = {p,» n e, s eN | Poo=1s Pue=0 for all n ons
gneateé than 0}. But, with PLLT): = {pk lpé =1, p, =0 Y o> 0}
K(?5(7)) = §,9100 + = K(P (2)). Hence

7000 + §,,000 = £ ,00),

and this implies 60,(0) = 0.

The 4unctions 5m , are centinuous at 0 by assumption {(propenty

»

{d}).

Because o4 (v), the functions 6m g anre right-continuous and Le§t-

’

continuous at each x e ]0,1[. Thus they can have at most fump
discontinuities on 10,1, but this is nuled out by [(iii). Thenrefonre

the functions 5m p  are continuous on [0,1[.
I 4

At this point by recounse to {(2.12) and using the same arguments as
An red. 3 At L& easy to prove that fon each m,n ¢ N, n > m, the -

dunction

x = KI(Pi,m,n(l)) - P 6m,n(X)

is diffenentiable and iis denivative is 0 on J0,1[. Thus this -
gunction is constant on ]0,1[, the constant depending on mﬂnpaﬂ.”

pr'n_li )3"",*1) « o » p;l_z, }Du Th.u.b
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(2.13) K,(P;,m’n(l)) = p 5m,n(X) + Jm’n(pé,...,pé_,,pé+,,”.,p;_24ﬂ,

for att x e J0,1[ , m, n e N, n>m.

It {5 afso casy to sce that by (2.12) the function x-*K,(P; m n(7))

is continuous at 0. So (2.13) holkds forn x=0 oo, that gdives

¢ ' = -
(2.14]) Jm,n(po""’p&-l’p&+l’""ph-Z’p) B KI(Po,m,n(’)) P 6m,n(o)'
Thus we can newnite (2.13) in the folLowing form

(2,150 Kp(Py o 110 = p [g () = 4 (0] Kp(Py (1))

fon alf x € [0,1[ , m, n e N, n>m,

Let gn(x)= = 6n-1,n(X) - 4 (0) forn each n > 1, x ¢ [O,IJ;

n-1,n

by (2.15) {4orn m = n-1, we have

(2.16) K, (P! (1)) = p g, (x) + Ky (P! (1))

xﬁ"";n o,n-l,n

forn all x e[O,I[, n> 1.

Now take any probabilfity distrnibution Pn(1)== {p,, » e N | p,=0

V/n.z_n, P, > 0 Vl h < n} and forn each &8, n ¢ N, & < n, Let

- - v - n - V
PA,n(I): = {pn, n e N lpnfpn'spn(l) no< 8,p,= f w Ppr P70 ¥ >4}k
Using (2.16) with x = pn/lpn_, + pn) we get

P P P
(2.17) K,( n”” = (Pn_1 * Pn) Qn( m) + K,( n-l,n””

and by necunsivity and taking Into account that‘K,(Po W11 =0 by

(£) we have

n n Py
(2.18) Ky (P (0] = 2 02 py) g, )
-1 5 D
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Let h (x): = § (x) - § (0), neN, n>2, x €l0,1]. By

n-2,n n-2,n

a furthern necounse to (2.15) for m = n-2 and with

X = pn/(pn_z'n + pn), we obtadin

- P
Kp(P (1)) = (p,_p * 0,0 b [ ——— ) + K (P} (1))

Pp-2 * Py

+pl,

* A * * \/ - * =
where Pn_,(l)- ={ py, n e N | Pr = Py AP MIPILE ) "

and by .necounse to (2.17)

p :
* _ n-1
Kl(pn—l(l)) i (pn_2+pn_,+p”) gn—l( Pp-g * Ppq * pn)+K1(Pn-2,n(l))'
Thus
K, (P Pn
(PN = Ap, o+ p) k| 5;?;_7—5; )

Pp-1
pn-2+pn—1+pn

+(pn~2+pn~7+pn) gn-l ( )+K1(Pn-2,n(”L

But by (2.17) we have also

K (P (1)) = (p _, +p) g I

Pu-1"Pp K
HPyg?Pua1tPe) 9 e K P 1
hence
(2.19) p, _,*p, ) h | i ) +(p,_o*P,_1*P,)a, ;I Pu-1 )
) n-2 "n nop, .t b, n-2 "n-1 "n"Zn-1 Po2 ¥ Py P,
Py Py-1 ¥ Py
=(pn-1+pn) gn( P1* P, )+ (pn-2+pn-1+pn)gn-1( PPy g * P, b
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fon all n > 12 p , ¢ Yo, 1, Po.q € Jo,1[, and because of (ii)

and (d) fon alk P, € [0,1[. By setting x : = P9+ Y5 = Py
and z: = P (2.19) ZReads %o the functional equation
z
(z.20) Ax+z) hy ( =55 ) + (x+y+z) g, 4| ;—:J%“T—; )
_ z y *+ ¢
lyrz) g, (g )+ Ixtyrz) gy U 55+

fon alld n > 2, x, ¢ € ]0,1[, zZ € [0,1[, x vy + z < 1.
Since by (£&), h (n > 2) and g (n > 0) are ali continuous on

[0,1[ . grom (2,20) we can see that g,ln > 2) 44 continuous at 1,

and
Z r4
(x+z) h | 755 ) =2z9,(1) + (x*+2) g, ; 55 )
holds.
Substituting into 1{2.20),
Z
(z.21) z g (1) + (x+2) g, 5= ) + (x+y*rz) g, 4 | ;‘:lgjf; )

- (yrz) g, | 55— ) (422 )

n-1 X Y z

+ (x+y+z) g

Since 9, 45 continuous at 1 4on all n > 2, by taking the £imit

0f both sides of (2.21) as x =+ 0, we have

2 8,(1) + 2 g, 411} + lyr2) g, ¢ | g

= ly*rz) g, | )+ (y+z) g, _, (1),

z
y + z

for akk n > 3. Thus
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( —4— 1+z g, (1)-y g _,(1).

(2.22) Ay+2) g, [ 5= ) = ly*r2) g, ¢ | 2

n y + z

By using (2.22) we can nrewhite (2.21) as

2
(2.23) y gn_,(l) tx+z) g, 4 U 35— 1+{x+y+z) g 5 ;—;—g-:—;—’
. + oz
= lyrz) g, (gd—s ) levgra) g | )
forn all n 2 3.
By the substitution
(2.24) g, ;(x}) - x g, _;(0) = v, (x) 5
equation (2.23) ydelds
y z
(2.25) (x+2z) v, { 5 )+ (x+y+z) b, ( g !
! t 2
A I - R B i e e ar I

V n>3, x,y €l0,1[, z e [0,1[, xtyrz <1 and ¥, continuous

[o,1].
For x+y+z =1, eq. [(2.25)  neduces to

(2.26) (1-y) ¥ (72 + v ly) = (yrz) v, [ 5f5)+0, ly2),

V>34 e€Jo,1[, z ¢ [9,1[, y+ 2 < 1.

FolLowing the sume classical procedune as 4in ref. 3 (page 141), it
i4 easy to denive the general continuous solution of (2.26)., 1t 4is
given by

wn(x) = An [-(qu)Zog (1-x) - x Log x ] , X € [0,1]

whene because of (£44) A > 0. Then, by (2.24) we have

gn(x) = An [—(I-x)Zog (1-x) - x Zog x] + Enx \{ n>2,
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with Bn : = gn(l), and by substituting into (2.227) we recognize -

that A = A , =d>0, for atl n > 3. Thus

(z.27) g, {x) = -d [(1-x)2og (T-x)+ x Rog x] + b, x Vn_>_2, x e[0,1).
For n=2, x+y+z = 1, (2.21) Leads to

(1-y) g, | 7———_‘—; J+ g;ly)- g,lyrz)=-dl y Log §+Lz+ zzog—y-—f—é-)

\{g/ e:]O,I[, z e (0,1, y+ z < 1. 1t 4is easy to verify that -
the general continuous sofution of this functional equation L8 g4i
ven by

g,(x) = - d [(I-x)ﬂog(l-x) + x Log «x ] + B,x ,
where b, = g,(1). Hence (2.27) hokds for akt n > 1. So we can

newnite (2.18) An the foliowding fonm

n n n wv
Kp (P, (1)) = f n Fa ? (b d g n Pp 09 P, no> 1.
n
by setting b, = = ‘ Bi and using property (d) and inequalities
1 .

[2.12) which imply the continuity 04§ x =+ K,(P)’(imyn(l)) on [0,1]
fon each m,m e N, m < ., we have

e o]

K,(P(I)) = 5" P, bn - d 5 n Pn Log P, \J P(1) € wa(l),

whenre bny n=0,1,..., and d axre ncal numbens, bo =0, d>0, -

Hence the nesult.



18

3.- The nrepresentation theorem.

We are now ready to prove the following theonem.

Theorem.- 1§ a mapping H : W(Z) » R has the properties (1],
(2), (3a), (3b), (4) then Lts nestnrniction to W(1) has the fomm

Hylw (1)) = =@ 2P, L g R0 q.* 2, p b
0 0 0
+ c g w Pu Log moo- d g a P Log P, V/n{l) e W(1),
whenre a, bn (n=0,1,...,}, ¢ and d anre neal numbers, a > 0,

b =0, ¢ >0, d>0; m denotes the total numbenr of {qni, i e N}

that anre greatern than 0.

Prood: We Lntroduce the gollowing notations

I
>

™ (2):= { neN, 8 eN, £ eN, jeN|

m,n "nis i Pransis? Prs ©

V (n,8) # (m,n)l} e W(2), (m,n) e NxN

T o {1):= { neN, LeN| p&=0 ‘V rén} € W{1), n € N,

n T " Palni

Qm,n,o(Z):= { Tnis i Pralnsijr *E N, s eN, £ eN, jeN]|p, =0

mnoo=7’ qmnij=0 L4 £ >0 on 4§ > 0}e W(2),

¥ (s # (mn), q

{m,n) € NxN,

neN, Lie N | pn=OVn#n,qno=1,

Uy, olMle= L om, 20,4,

G = 0 Y £ >0} e W(1), n e N.

We shalf denote with W(2) and W(1) the se¢t 04 all such probabi-
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2Lty distributions ﬁm'n(Z) and ﬁn(l), nespectively, myn = 0,1,....
For cach ﬁm,n(Z) in W(2) we can akways §ind a probability dis-
tribution ﬁ;pn(Z) e W(2) by just neordening the probabilities
.y in ﬁm’n(z) 50 that Qn'o(l) is one o4 the two manrginal -

‘e . . =% % . =1
distnibutions o4 ﬂm’n(Z) and “m,n(Z)' ﬁm(l)x Qn,o(’)’ whenre
m o (1) denotes the other marnginal distribution of T (2) and x

means the product probability distribution of w' (1) and Q (1),

By usding propenties (2) and (3a) we have

(5.1)  H(T_ (20) = H(ZA (2)) = H (RL010) + H (g, (1)),
Set bn : o= HI(Qn,o(I)) and degdine
TR, J(20) @ = WG, () - b -6, Y R (2) e @2,

Note that because 0§ (4£) b, = 0. It can be easily checked that the

function 1 does not depend on m and n but only on the entrnies
04 the probability distribution ﬁm n(Z) and that 1 codincides with

L5 nestniction I,(ﬁn(l)) = H,(ﬁn(l)) - bn (to @(1)). Monreoven I

45 subadditive, additive, expansible and symmetric; hence, by
recounsc to the theorem Lin hef. 3, we have

[« ] !
(3.2) T(7 (1)) = - a g ¢ 4, o8 g, * ¢ Logm Y moe @(1),

Where a and ¢ are neal numbens, a > 0. Thus

(3.3) H,(ﬁn(r)) = -a I

z . qniﬂog q,:tC Log mn+bn V’ ™, € wi(rn).

L
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-

We consdiden now any two probability distaibutions x = {xi, L N}

and ; = {yj, §f € N}, with X, = 0 and yj = 0 fon L and §, nre-

spectively, sufficiently Lanrge, and the probability distributions

nx,n(l) e W(1) and “y,n € W(1) defined for any n € N, n > 1,
by
Tl U e pa Yo b, mspx, i)
"y,n”): ={ 1r“-=0 V»sfn, Tpj = Yjr eEN}

By propenties {2), (3a) and (1) (4in that onrden) we ge

Hylme W) Hp LR () = Him o (2)) = Himy o (2)

< H,(ﬂy,n(lll + H,(% (1,

px*1-p ly, n

whene:
“x,y,n(z) = "x,n(,)Xiy,n(’):z{nZLAj=0 \/ n,i,8,f €N, & # n,
Tning = Pratnidj ¥ oniien, i, Ting = Pu*iYj
V i,§f € N},
"I,y,n(Z):‘{ "Iiaj' “;Léj \f n,i,8,f €N, n # n on & # n.
"ILnj : ﬂ;jné ; pnxjyé \/ L §eENT,
ﬂg,n(’):'{ nI& : E’A E 5 “1ibj’ V 4 €N, L.e ﬂIL Prlng
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- T2 > T , . T
nan+"'pn)'y’"(1).-{n 6, g " g i T nis V’A,j eN, L.e. ™ i 0
V , T i ,
4, eN, 5 # n, m nj pnxj + (1 pn)gj \{ § € NI,
By intenrchanging x and 4y and taking (3.3) 4into consideration,
we get
(3.4) -a g y; xizog x, *a g L(("pn)xi+pnyi)£09(“-pnbﬁfpnqd

< Hplmy 000 = Hylm (1))

0

ow
< -a g L(pnxé+(l-pn)yi)£og(pnxi+(l—pn)yi)+a 5 i Log Y

gorn each n > 1, p, € [0,1], and evenry X and ; such that

y, =0 4iff x, =0, {i=0,1, ..., 1},

Inequalities (3.4) Aimply almost immediately that the function

o

-
x - Hl(nx,n(’)) tap, X

x.og x.
0 4 L

£
L5 constant on the set P% 0f all probability distributions X =
n

{ Xgr X5 oo } having the same numben m, 04 nonzenro probabili-

ties.

Hence fon any w(l) € W(1) we can write

[<=] <0

—’
(3.5) Hylnl1)) = - a g x Py g < qaitog At Alm,

>

pl,

whenre A(E,E) {8 a function 04 the sequence of integens
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->
m = {mo = 1, My, My, oo } and the probability distribution

B = {PO, P,, pzy N B
To §4nd the representation of A(E,;), with a fixed m = {mo =1, my,

Plys oo }, we consdiden the followding probability distributions

.
| Qi = wowe for etk

m () :={
“ A

"nisi © Pransijr B4 d €N

i = 0,1,...,m, -1, j =0,1,...,m -1 =0 {fonr each

87" Unaiy

n,5 € N and alf £ > m and each n,8 ¢ N and alk

n
i >m } e W(2) and thein marginals n&(l) and nuz(l). We shall
denote with wu(Z) the set of all the probability distributions
T, 020 and with wu(l) the set o4 thein manginals.
It can be easily seen that the mappings

K« Pl2) »H(m/(2)) [Pl2) e wi2) ],

Kye PLI) > Hylm (1) (riy e w 1) ]
vendigy ali the assumptions of the Lemma in section 2. Thus we have

(3.6) H,(nu(l))= 5 n pnb;(m) - d 5 n Pylog P, \/ nu(l) € wu(l),

T

where b;(ﬁ), n=0,1,..., anre neaf valued functions 04
bo(ﬁ) = 0, and d A& a nonnegative real constant.

On the othen hand Eq. (3.5) Jimpldies

(3.0 Hylm, (1)) = a T, plogm, + Alm, p) ;
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thus, by (3.6) and (3.7},

x [+

(3.8 Alm,p) = £, p (b}(m) - aLogm) -d 3 ,pLogp, ;
() 0

sdnce Eq. (3.8) holds fon every probability distribution E={p0,p,,

Pgsre-- } 4in particulanrn fon E=ﬁ M {pn, n e N pn=0 nton,

o,n
p, = 1 } , we have
(3.9) - Alm, B, ) = b;(ﬁ) - a togm (n e N).

But by (3.3) and (3.7) we also have

{++ -
(3.1¢) A.m,po'n) c Logm + bn ,

thus we get

(3.11) b;(m) =adlogm +c Log m o+ b \f nefN, n >0,

n

Finatly, by (3.5), (3.8} and [(3.711) we obtain

Hyplml1]) = - a 2 n Fa 5 L U k08 9t ¢ g n Py Logm,

+ I p,b, - d I, P, Log p,, \f/ w(1) ¢ W(1) .
0 0

Hence the nesult.

Conoffany.- The mean entropy (1.3) 48 the only entropy which sa-
tisfies (1), (2), (3a), (3b), (4) and

(5) Splmy o (TN=Sqtmy (=S my o (1))=S g0y (1))

don all n,h e N, n > 0, h > 0.

Proog: By the theorem we have
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SpUmy gul11) = Hylny o 4 l10) = b, Yo oreN x>0
SI(TTO,O,,(,)) =H1(‘”0,0’1(1)) = bO z »
By seftdng H,(ﬂ, 0 1(1)) = b, = : b, and wsing (5} we get
bn+1 = bn +t b, - b, * b = {(n+t1})b

and this concludes the proof. )

Researnch supponted in part by National Research Councif of Canada,

grant A-7677 and 1BM-1taldia.
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