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Abstract

We show that the abelian topological mass mechanism in four dimensions,
described by the Cremmer-Sherk action, can be obtained from dimensional
reduction in five dimensions. Starting from a gauge invariant action in five
dimensions, where the dual equivalence between a massless vector field and
a massless second-rank antisymmetric field in five dimensions is established,
the dimensional reduction is performed keeping only one massive mode. Fur-
thermore, the Kalb-Ramond action and the Stuckelberger formulation for
massive spin-1 are recovered.
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Several alternatives of the Higgs Mechanism, based on the coupling of
vector fields with antisymmetric fields through topological terms, have been
developed in the last years. In particular, the abelian Cremmer-Sherk the-
ory [l] has been studied extensively [2] as the prototype of this proposal.
Its non-abelian extension is a Freedman-Townsend theory[3] that can be
derived using the self-interaction mechanism [4]. Also, other attempts to
search a non-abelian generalization have been formulated [8], however, seri-
ous problems with renormalizability in all these non-abelian generalizations
has been pointed out in reference [6]. An interesting aspect is the fact that
the Cremmer-Sherk theory is related by duality[7], [4] with the Kalb-Ramond
theory [§], where this latter can be obtained by dimensional reduction of the
second-rank antisymmetric theory in five dimensions keeping only one mas-
sive mode [H], [1U]. Tt is worth recalling that the Kalb-Ramond theory pro-
vides mass in a non-topological way and can be understood as the resulting
theory after condensation of magnetic monopoles in four dimensions QED[1]]
In this letter, we will show that it is possible to obtain the Cremmer-Sherk
theory in four dimensions by dimensional reduction, despite Barcelos-Neto
has claimed that the Cremmer-Sherk theory can not come from dimensional
reduction of any gauge theory in five dimensions[10].

Let us describe briefly the dual equivalence between the Cremmer-Sherk
and Kalb-Ramond theories in four dimensions. The Cremmer-Sherk action,
which provides mass to spin-1 fields without spoil gauge invariance, is written
down as

lorse = /d%[_%anan B % mnp H™ = iuem”qumanqL (1)
where F,,,, = O Ay —0n Ay, and Hypy,p = O Brp+0n Bpm +0p Biny are the field
strengths associated with the A,, and B,,, fields. This action is invariant
under gauge transformations: 0A,, = OnA and 6B, = OmGy — 0nGn. We
observe that this action has global symmetries, for instance: A,, — A, — €,
with €, the global parameter. An useful way to obtain the dual theory relies
on gauging this local symmetry 2] by introducing an antisymmetric field
Amn, such that the field strenght F,,,, is modified by F,.,, = 0 A, — 0 A —
%(amn — apm) and adding a BF term, which assures the non-propagation of
Gmn- Then, we have the following action
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— Z,uem”qumn [0 Ay — O Ay, + §(amn — Qpm)] + iamem”pqﬁnapq]

and we now have new gauge symmmetries, given by: 0A,, = —€yx), 0am =
Oma and 0a,,y, = Op €, — On€py, which allow us to fix the gauge A, = 0. After
fixing this gauge, the action becomes

I = /d%[—%amnam” — % mnpH™P — %,uem”qumnapq + %em”pqamnﬁpaq].
(3)
Integrating out the field a™ (= —3e™P[uB,, — (Opa, — Oyay)], the Kalb-
Ramond action is obtained:
T = [ @0l Hg (00— 0u) B (07" 0™~ B
(4)
This action is invariant under gauge transformations given by: 0B, =
OmCn — OnCm and day,, = Opa— uly, which allow us gauged away the a,, field,
leading to the massive B,,n antisymmetric action, describing three masive
degrees of freedom like abelian massive vector theories in four dimensions.
Having seen that in four dimensions the Cremmer-Sherk and Kalb-Ramond
theories are equivalent by duality and that the Kalb-Ramond can be ob-
tained from dimensional reduction of a 2-form in five dimensions, it must be
possible to obtain the Cremmer-Sherk from dimensional reduction of some
gauge theory in five dimensions.

Since the dual of a 2-form in five dimensions is a 1-form, we will consider
the following master action in five dimensions (the indices M, N run over
0,1,...4)

I = /d%[%VMNVMN — %VMN[ﬁMAN — 8NAM]], (5)

which is just the first order formulation of the Maxwell action and where VM

and Ay are considered as independent variables. Indeed, the Maxwell action
is recovered after eliminating VMY through its equation of motion(Vyn =
[OmAN — OnApm]). On the other hand, the equations of motion after inde-
pendent variations in Ay, are

o VMN =0, (6)
whose solution in five dimensions can be written(locally) as
1 1
VMN _ §6MNPQR8PBQR = EEMNPQRHPQR. (7)



Substituting this expression for VMY into eq. (5), we obtain the action for

the second-rank antisymmetric field /5 = —5HynpHMNP. In general, for
D > 2 dimensions, the solution of eq. (6) is

1
yMN — MEMNPQL"QD_s8PBQ1---QD—3 (8)

and going back into eq. (5), the usual duality between 1 and 0-forms in three
dimensions, 1 and 1-forms in four dimensions and so on, is achieved.

Now, we are going to perform the dimensional reduction. Let us deal
with complex fields in five dimensions, then we consider the following action

1 1 1
I= / PV Viin = 7V O Ay — v Anr] = 7V 00 Ay = O A3
_ )
Using the method of dimensional reduction developed in [13] for generating
mass, we write in the limit R — 0 (R being the radius of the small circle in
the coordinate z* where we are compactifying)

an(m,x4) = an(m)eilw4> Am(m,x4) = Am(m)eilw47 (10)

ipat

. . . 4
Vm4(m,;r4) = va(m)e s A4(m’x4) = Z¢(m)€mm .
In consequence, we obtain the following reduced action to four dimensions.

1 1 1
Loossp = / 2" Fran =5 " [0 An—=0n A+ 5 V" Vo=V (D= 1 A

2
(11)
JFrom this reduced action, we can eliminate the F),, and ¢ fields through
its equations of motion:

Fon = OnAp — 0nAm, OV =0 (12)
and we have the following solution for V™ in four dimensions
m 1 mnpq 1 mnpq
VM= —56 8anq = _66 anq. (13)

Putting this back into the reduced action, the Cremer-Sherk action is ob-
tained.



Furthermore, the field equation after varying the A,, field is
O F"™ = —pV'™, (14)

which combined with eq. (13), lead us to following solution for F""
mn 1 mn
B = 5€ P —pBpg + (Opag — Ogay) (15)

Then, we can eliminate the ¢ and A, fields and substituting eqs. (13) and
(15) into the reduced action, the Kalb-Ramond action is obtained. Moreover,
from the reduced action we can integrate out the V;, field (V,,, = 0,0 — pnAn),
in order to reach the Stuckelberger formulation for massive spin-1 fields:
[Stuck = fd4.’13'[—ianan - %/LQ(AW - %8m¢)2]

Summarizing, we have shown that the Cremmer-Sherk action, which pro-
vides mass for vector fields compatible with gauge symmetry, as well as the
Kalb-Ramond and the Stuckelberger actions, can be obtained from dimen-
sional reduction of a gauge theory, which reflects the dual equivalence be-
tween the Maxwell field and the second-rank antisymmetric field in five di-
mensions.
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